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Abstract. Let SU(p + q)/S (U(p) x U(q)) be the Grassmannian of complex p-
dimensional subspaces of CPT4, where p and q are integers such that p > ¢ > 2.
The aim of this paper is to extend the main result in [3], [2] to the case of convo-
lution of x-orbital measures where x is a character of S (U(p) x U(q)). More
precisely, we give sufficient conditions for the C¥-smoothness of the Radon
Nikodym derivative
far,..oarx = d(flay,x * - * thay,x) /d#SU(p+q)

of the convolution fia;,x *...* a,,x With respect to the Haar measure psy (p4q)
of SU(p + q), where Haj,x are some orbital measures defined below.

1. Introduction

Let M = U/K be a compact symmetric space and let ay,as, - - , a, be elements
in U\Ny (K), where Ny (K) is the normalizer of K in U, and consider the following
linear functionals defined by

I, (f) = / /K P (ksagk) duk (k) dpr (k). f € CQU) T =L

where C (U) is the space of continuous functions on U, and px is the Haar measure
of the Lie group K normalized by ux (K) = 1. By Riesz representation theorem,
to each of the functionals Z,,, j = 1,...,r corresponds a singular measure p,; in U
supported on Ka;K. Several authors considered the problem of the regularity of
the convolution of the orbital measures ji4;. In [10], Ragozin proved that the convo-
lution of r orbital measures is absolutely continuous with respect to the normalized
Haar measure of U if r > dim M. The absolute continuity of the convolutions of the
measures fi,; with respect to the Haar measure uy of U, has also been discussed
in [4]. The L? regularity of the Radon-Nikodym derivative of the convolution of
the measure 1., where M = SU(2)/SO(2), with respect to the Haar measure of
SU(2), has been studied in [5]. The smoothness of the Radon-Nikodym derivative
of the convolution of the measures p,, on some symmetric compact spaces U/K
with respect to the normalized Haar measure of U, was considered in [2] and [3].
The convolution of orbital measures on arbitrary non-compact symmetric spaces
G/K was studied in [6]. Specifically, the paper examines the L?-regularity (resp.

2000 Mathematics Subject Classification Primary 43A77, 43A90; Secondary 53C35, 28C10.

Key words and phrases: x-Orbital measures, Radon-Nikodym derivative, Complex
Grassmannians.

The authors express their gratitude to the referee for his meticulous review of the manuscript and
for pointing out some misprints and inaccuracies in earlier versions. His insightful suggestions
have significantly improved both the content and clarity of the paper.



32 MAHMOUD AL-HASHAMI and BOUDJEMAA ANCHOUCHE

C”-smoothness) of the Radon-Nikodym derivative of the convolution pig, * - - * fiq,
with respect to a fixed left Haar measure ug on G.

It is known that if a result is true for Grassmannians, it is likely to be true
for all compact symmetric spaces. Following this guideline, we considered in [2]
the question of smoothness of the Radon-Nikodym derivative of the convolution of
the orbital measures pi,; on complex Grassmannians. In this paper, we consider
the case of the complex Grassmannian M = U/K, where U = SU (p+ q) and
K = S(U(p) xU(q)), with p and ¢ being integers such that p > ¢ > 2, and we
introduce the following twisted complex valued functionals:

Iaj,x (f) = /K/Kf(klajk2)X(k1k2)71dﬂK(k1)duK(k2), fe C(U), 7=1 ..

where C (U) is the space of continuous functions on U, and
x: K—C

is a character. Again, by Riesz representation theorem, to the functional Z,,
corresponds a C-valued regular Borel measure piq; y, j = 1,2,...,7.

Since supp(fta;,x) = Ka;K for j =1,...,r and Ka;K has empty interior in U,
the measures fi,,  are singular.

In the first part of this paper, we give a sufficient condition for piq, y * -+ * g, y
to be absolutely continuous with respect to the normalized Haar measure puy of U,
obtained in section 3. In the second part, for each given positive integer v, a lower
bound C (p, q,v), as defined below, is provided such that for every r > C(p, q,v),
the Radon-Nikodym derivative

d(/’l’alxx Kook /’La'ﬁx)
dpy
is in C*(U), the space of v-times continuously differentiable functions on U, where

py is the Haar measure on U, normalized by uy(U) = 1. More precisely, let v be
a positive integer and

242 2p —1
(ﬂn%u%:nmx(vp+q)+'”+q(p )J+1JMO'
2p—q
The aim of this paper is to prove the following

Theorem (Main Theorem). Let v be a positive integer. If
r>C(pq,v),

then
d(l‘al,x ook “amx)
dpu
The paper is organized as follows. In section 2, we collect some results about
x-spherical representations and y-spherical functions which will be needed in the
paper. In section 3, we give a sufficient condition for the absolute continuity of the
convolution of the x-orbital measures with respect to the normalized Haar measure
on U. In section 4, we study the Fourier transform of the Radon-Nikodym derivative
of the convolution of x-orbital measures with respect to the Haar measure on U.
In section 5, we review some of the main properties of restricted roots on complex
Grassmannians. In section 6, we give a proof of the main result of the paper.

eC”(SU(p+q)).
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2. The y;-Spherical Representations

Let G be a non-compact, connected, simple Lie group, and g its Lie algebra. Let

g=tdp,
be a Cartan decomposition of the Lie algebra g. It is known that
u=tav—-1p

is a compact real form of gc, the complexification of g. Let a be a maximal abelian
subspace of p and h a Cartan subalgebra of g containing a. Then h = m & a, where
m="hnN¢t Let U be the simply connected, simple Lie group with Lie algebra u
and let K be a Lie group with Lie algebra ¢.

Since every character x of K is trivial on the commutator subgroup [K, K], and
since K = Z (K) [K, K], t = [¢,€] & 3(¢), where 3(¢) is the center of ¢, Z(K) is the
center of K. We see that if 3() is trivial, then every character is trivial. Therefore,
we will assume in what follows that 3(¢) is not trivial, hence K is not semisimple
and therefore U/K is Hermitian.

Let Z be a non-zero element of 3(¢) such that exp (tZ) € Z (K) and
exp(tZ) € [K, K] if and only if ¢ € 27Z. For each integer [, put

1 if x € [K, KJ;
X (2) =
exp (itl) if z =exp (tZ).
It can be seen that for each integer I, x; is a character of K, moreover every

character of K is of that form, i.e., the family (xi),, exhausts all the characters
of K, more precisely, we have the following

Proposition 2.1 ([11]). For every integer I, x; is a character of K. Moreover,
every character of K is of the form x; for some integer [.

Let my : U — GL(E\) be an irreducible unitary representation of U with
highest weight A. For a non-trivial character y; of K, let
EL={X € Ex|m (k) (X) =i (k) X forall k € K}. (2.1)

The representation (7, Ey) of U is said to be y;-spherical if E # 0. The spherical
representations correspond to the case [ = 0.

Fix an integer [ in Z, from now on we will denote by (71 the set of y;-spherical
irreducible unitary representations of U and AT (U) the set of highest weights of
irreducible representation of U. It is well known that if U/K is a symmetric space
and (my, E)) is a x;-spherical representation, then dim¢ EY = 1. The set of highest
weights of y;-spherical representations of U will be denoted by Af ).

Recall that a function ¢ on U is called (an elementary) y;-spherical function if
it is not identically zero, and if it satisfies the following conditions:

o(kiuky) = x1(k1k2) "t o(u), for all u € U, ky, ko € K, (2.2)

and

/K w(urkug)xi(k) dpr (k) = o(ur)p(ug), for all uy,us € U. (2.3)
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Actually it can be proved that (2.2) is a consequence of (2.3), see [8].
For A € Af (U), let (.,.), be a U-invariant inner product on Ej, i.e.,
(mx (u) X, ma (u) V), = (X, V),

for all w € U and X,Y € E), and let || - ||» the corresponding norm. Choose an
orthonormal basis {e}, - ,e) } of Ey, such that e} € EY, where dy = dim E.

It is well known that ¥ ;(u) = (ei\,ﬂ,\(u)e{‘))\ is an elementary x;- spherical
function and conversely any elementary y;- spherical function on U is of this form.

3. Absolute Continuity of Convolutions of y;-Orbital Measures

Let ¢ € U\Ny(K), and let Z,,, be as in section 1. By the Riesz representa-
tion theorem, to the functional Z, ,, corresponds a unique C-valued regular Borel
measure fq, on U, such that

a ( /f )d pa, (9), feCU).

Fix a set of points a1, -+ ,a, in U\Ny(K) and consider the linear functional

Ial Az, G ;Xz
/ / (kvarks - krarkrar )i (k- kpon) ™ dpe (1) -~ dpugc (k).

Again, by the Riesz representation theorem, to the functional Zg, q,.... .a, x, COI-
responds a measure [iq, ... .,y , Such that

Ia1,a2,~~,ar,Xl (f) = /Uf(g)dum,w yGr, X1 (g)
for all f in C (U).
Proposition 3.1.
Hay,az, - ar,xi = Mai,x; * % Hay,xg -

Proof. Let f € C(U) and let r = 2. Since px is normalized, we have
[ 70) dbay i * s i 9) = [ [ Fo192)dht0r 0 (91)dbtns s (02)
U vJu
/K/ / f(krarkaksaska)x; ' (kikakska) dus (k1)dps (k2)dpg (k3)dp (ka)
/K (/ f(krarkakzazka)x, k1 kaksky) d,uK(kz)) dpg (k1)dpg (k3)dpg (ka)

/ / (/ flkrarksazka)x; ! (k1kska) duK(ks)) dp (k1) dpre (ks)dp (ka)
K
/ f(krarkaasks)x; t(kikaks) dpg (k1)dpx (k2)dpx (k)

Il

f(9) disay,as, Xl( )-
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By induction, we get

/Uf(g)d(,u'ahxl kooeex ,Ufar,xl)(g) = /Uf(g) dll’al,ag,“' QX1
for all f € C(U). Hence the proposition. a

Lemma 3.2. For every Borel subset B of U, we have
(i) that

Ha,x; (%) = IL.%’(-’I?) dﬂa:xz (37) = 1 (klak2) Xi (kle)_l d’uK (kl) dMK (ka) ’
/ /]
(i) and
/ 15(x) Apiay,...ar i =
U

/K' . /K L (kiaiks - krarkesn) xo(kr - ko) Mg (k1) - dpse (k)
where 14 is the characteristic function of A.
Proof. Consider the continuous mapping 7, : K x K — U such that
Ta(k1, k2) = kraks.

Let A, be the push-forward of the product measure pg X px on K x K under the
map T, i.e., for a Borel subset 4 of U,

A (B) = (a), (nx X px) (B) = (px % px) (.1 () -
Hence

3o () = [ [ (k) dpsc () e (1)
K K
By (Corollary 1 [12]), A, is regular. Define the complex measure A, ,, on U by

Aaxi (B) = 12 (kiaks) xa (k1/€2)71 dug (k1) dpg (ka) .
/]

Fix a Borel set %, and let € > 0. Since ), is regular, there exist an open set O and
a compact set C' of U such that C' C £ C O and

Aa(B\C) <e and A, (O\Z) < e.
Therefore

oo [(B\C) = sup D [ Aoy (%)

i=1
<sup Y Aa(%))
i=1

= )\a(gg\c)
< €,

where the supremum is taken over all partitions of #\C into a finite number of
Borel sets %1, . .. #,,. Similarly |Aq y, [(O\%) < €. Hence A, y, is regular. A similar
argument as in (Theorem 2, [12]), shows that for any Borel set 4,
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Ao,y (B) = tta,x, (%), which proves part (i) of the Lemma. Part (i) of the Lemma
follows from ([12], Theorem 2). O

Proposition 3.3. Let a; € U\Ny(K),i=1,...,r and ¢¥" : K"t — U, be such
that

Y (k1. ke) = kranks . krark, .
Then Ranky” > min (dim U, r + dim K), except on a proper analytic subvariety of
KT+1 .

Proof. By [13], the pair (U, K) satisfies condition (2.1) in [10]. So the Proposition
follows from ([10], Proposition 2.2). O

Theorem 3.4. Let (U, K) and piq, v, ¢ = 1,...,7 be as above. If r > dimU/K
then pia, ... .a,, . 5 absolutely continuous with respect to the Haar measure uy of U.

Proof. Let S C U be a measurable set and 1g its characteristic function. Assume
that py(S) =0, it will be shown that g, .. 4., (S) = 0. By Lemma 3.2 we have

v ) = | [ o [ Lotk coarheaths ko)™ duse ). dp(br0)
K K

S// 15(k1a1k2...arkT+1) d/LK(kl)...duK(kr+1)
K K

< pgerer (W) THS)),
where g1 is the Haar measure of K"T1. To finish the proof we need to show
that

U () (8) = e (@) 71(8)) = 0.

By Proposition 3.3, " has full rank, i.e., Rank¢y" = dimU = dim K + dimU/K,
except on a proper analytic subvariety of K™t!. This subvariety has measure zero,
since it has smaller dimension than K"+1!,
Assume that K"*! (resp. U) has dimension s (resp. m). Note that s > m and
(4¥p™)71(9) is closed.

Consider p’ € (¢")71(S) and let p = 4" (p'). By the submersion theorem there
are charts (71, H') centered at p’ and a chart (72, H) centered at p such that
Yr(H') € H,

o oty Ha,y) =x, forallz € R™, y € R"™, (2,y) € 7 (H).
Let A, be the Lebesgue measure of R™. Since the Haar measure on any Lie group is
mutually absolutely continuous with respect to Lebesgue measure in any coordinate
patch we have

Am(T2(HNS)) =0.
Let A C R® be such that
A=m(H 0 (@")7HS)).

It follows that

AC{(x1, oy Ty T 1, - -5 Ts) ER® | (x1,...,2m) € (HNS)}.

By Fubini’s Theorem, we have

As(A) = /S La(z) dXs(z)
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_ /R | / WA ) ()N ()
< [ ] s (@) drn@an)

= . Am(T2(H N S)) dN(x)
=0.

Thus for any z € K"T1, there exists a coordinate neighborhood H’ C K"™! of z
such that

prcr (H N (1) 7H(S)) = 0.
By compactness of K"*! we can find a finite coordinate neighborhoods {H/}¢_,
such that

d
w)s) < Ui

so we have .
(w78 = J@ 0 w)7H8)).
Therefore ;:1
prcrn (Y1) 7HS)) < D prerna (H N (1) 7H(S)) = 0.
Hence the Theorem. - O

4. Fourier Transform of the Radon-Nikodym Derivative f,, . 4, .y,

Let x; : K — GL(E,,) be a representation of K. Define an action of K on
U x E,, from the right by

(u, X) k = (uk,x; (k‘_l) X), ueU, X € E,,.
Define an equivalence relation R on U x E,, by
(u1, X1) R (ug, X2) < Ik € K such that us = urk and X = yy (kfl) Xi.

The equivalence class of an element (u, X') of U x E,, will be denoted by [u, X] and
the set of equivalence classes by E,, = U xg E,,, i.e.,

E,=UxgE, ={u,X] |lueUand X € E,,}.
Then E,, is a complex vector bundle over U/K of rank equal to dim¢ E,,. In case
X: is a character, i.e., dim¢ Fy, = 1, or equivalently F,, = C, then E,, is a line
bundle, which we will denote, following tradition, by L,,. It is easy to see that the
smooth sections I' (U/K, Ly,) of L, can be identified with smooth functions f on
U satisfying

f(uk) = xi(k) ™ f (u), forall k € K and u € U.

Let

L?>(U/K,Ly,) = {f € L*(U) | f(uk) = xa(k™")f(u), forall k € K},
and let L? (U//K, L,,) be the subspace in L? (U/K, L,,) of functions satisfying
f(klukg) = Xl(!’(11]432)71f(’u,)7 for all k17 kg € K.
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Let A € A (U) and, as above, let ) : U — GL(E)) be the irreducible unitary
representation of U with highest weight \. For f € L!(U), consider the bilinear
form

Uy : B\ X Ey — C
(L) U Y) = [ f0) () X,Y), duv(w), - XY € By
U
Since

WA(X,Y)] =

/U flw) (7r>\(u) X, Y))\ duy (u)

it follows that W is continuous. By Riesz representation theorem, we deduce that
there exists a continuous linear operator

]:(f)()\) E,\ — E)\

< XAV AIN LA 22 @)

such that
(F(HN(X).Y), = /U £(w) (ma(w) X, Y, dpos (u).

The operator F ( f)()\) is called the Fourier transform of f and for simplicity we
write

F(HN (X) = /U £ () 7 (1) (X) dpags ().

Recall that for a nontrivial character x; of K, we denoted by Eé\ the subspace of
E) defined in (2.1). Similarly, as above, there exists a continuous linear operator

.Pl,)\Z E)\ — E)\
such that

(Pa(X),Y), = / xi(k7Y) (ma(k) X, Y), duk(k), X,Y € Ey.
K
For simplicity, we will write
Pl,)\(X) :/ Xl(k'il)ﬂ'/\(k)X d,uK(k), X € E,.
K

Recall that {e}, - 763)\} is an orthonormal basis of E), where e} € EY and

d)\ = dim E)\.
It can be shown that
(k) P (X) = xu(k) Pa(X),
for every k € K and X € E). Thus P, (X) € Ef\ Moreover, the operator P x

is both self-adjoint and idempotent. Hence, it is the orthogonal projection of E
onto the subspace Eé\ Consequently,

(Pia(e}), 1), =0, for j =2,3,....d,.

Lemma 4.1. Let f € LY(U/K;x;). Then:
(i) For each A € AT(U), we have

F(HA) = F()A) P
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(ii) For A € AY(U)\ A (U), we have

F(HYMNX =0, forall X € Ey.
(ii)

Te(F(F)N) = (F(HNets e1)
Proof. (i) For f € LY(U/K;Y;) and any X € E), we compute:

FNO) (Pr00) = [ mta ( / ) ms (DX () ) di (0
/ / ) a0) (k) X g (u) dpurc (k)

S (] stk @)X du ) e
/K</f w)my(u) X duy (u ))dﬂK(k)

w) X dpy (u) = F(f)(M)(X).

Il
q\

Hence,
FHA) = F)A) P
(ii) Since A € A, (U), E} = 0. Thus
F(fNX =0, for all X € Ej.

(iii) Since P, is the orthogonal projection onto the one-dimensional space spanned
by e}, for X € Ej,
Pa(X) = (X, et eq.

Thus,
F(HANX) (M) (Pa(X))
() (X, et)rer)

= (X, e F(F)N)(eD)-

=F(f)
=F(f)

It follows that
T (F(£)N) = (F(HN)(eD), e1), -

Denote by (-, ) gs the Hilbert—-Schmidt inner product on End (E)), i.e
(T,8) g =Tr(S*oT)

dx
BE
i=1
where T, S € End (E)), dy = dim E), {62\}21 an orthonormal basis of Fy and S*

the adjoint of S. It can be proved that this definition is independent of the choice
of the orthonormal basis of Ey. Let ||.|| ;¢ the corresponding norm.
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Theorem 4.2 (Plancherel Theorem). Let f, f1, f2 € L?> (U/K, Ly,). Then
(f17f2 L2(U) Z dA )a}—(f2)()‘))HS
XeAS(U)

In particular,

£ 1220y = D dxIFE N5 -

XEAS(U)

Suppose that fiq, ... a4,y 1S absolutely continuous with respect to the Haar mea-
sure puy on U, and denote by f,, ... 4, x, the Radon-Nikodym derivative of g, ... ., v,
with respect to uy, ie.,

fm,...,aw-,xzdﬂU = dﬂal,m,arﬁa-
The following result will be used in the proof of Proposition 4.5.
Lemma 4.3.
]:(fal,m,asz) ()‘)ei\ = (]: (fal,m,amXL) (A)ei\>ei\))\ ei\'

Proof. Note first that for each k£ € K, the measures fq, .. 4,y (ku)dpy (u) and
Xt(k) " far o arq (0) dup (u) are equal, ie.,

Jar.ar o (B) dpy (u) = xa(8) ™ fas ..oap i () dpi (u) (4.1)
for if ¢ € C(U), then

[ 660 v ) i ) = [ 6 70) F e () i (1)

= / o(k™ krarks - krarkeq)xo (ky -+ K1) dpse(ky) - - dpge (Kpir)
K K

= / ¢(krarks - kparkei1)xi (kky -+ - 1) dpre (k) - - dpge (kg
K K

=‘A;xmk>—1¢<u>ﬁhrnﬂrkﬂ(u)dﬂu<u>.

Therefore, from (4.1), we deduce that
ma(k) |:]: (fah-u,amxz) ()\)ei\] = /U far,ar (u) my (ku) ei‘ dpy (u)
= Afal,...,ar,xl (kilu) DY (U) 6% dﬂU (u)

[ B ot ) 2 () i 0)
= Xt(k)F (far.ooarna) (Ve
Thus F (fay....arna) (Aer € EX. Since dim EY = 1, we deduce that

]:(fal,...,ar,xl) ()\)ei\ =cC ei‘,

for some constant ¢, which is easily seen to be (F (fa,,....arx) (A1, ei‘))\. Hence

the Lemma. O
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Proposition 4.4.
Tr(F (fal,...,ar,xz) ()‘)) = HwA,l (afl) . (4.2)
i=1

Proof. Observe that
T(F(far.vonar )N = (F (fararn) Med e} ) (By Lemma 4.1)

= / (@) dpiay ..y, s (1) (4.3)

Z/K"‘/Kih,z (kraiks - krarker1)xi (k1 .. kry1) Vdpg (k1) - dpg (k1)

=/ / Ya ((kratks - krarke 1) ™") xo(k1 oo kpy1) " hdpg (k1) - dpg (Rpy1)  (4.4)
f/ /%z kytar ket kg ey Ry )xz(k1 k1) tdpse (k1) - - dpse (kry1)

= [ [ o (o kfl--'k§1“f1>Xz(k2-~~kr)_1dm< (k1) dpsc (Krg)

where (4.3) and (4.4) are obtained by using the fact that iy (u) = ¥x, (u™)
forallu e U.

Since
/ U (uikug)xi(k)dpr (B) = ¥y (ui)x i (ug), for all ug,us € U,
K

we infer that

= ¥au(ay Doaala, )
/ /%l a;tk L k§1051>Xz(k3~~-kr—1)71duk(kS)"'duK(kr—l)

= 11[1/1)\71 (ai_l) .
=1

Hence the Proposition.
O

Let A denote the Casimir operator, (-,-) the inner product on a* induced by the
Killing form of u, and let

£ = (A A+ 2p)

be the Casimir constant, where 2p is the sum of all positive roots and \ € a*.

Denote by H*(U) the Sobolev space of functions in L?(U) whose weak derivatives
up to order s are in L*(U), and let || - ||y« () denote the corresponding Sobolev
norm. For more details, see [3].
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Proposition 4.5. With the notation above, we have

2 s 2
Hfa1,..~7a7-,><zHHs(U): Z dk(l‘f"‘f)\) H|¢A,l(ai)| :

AEAS(U) =1
Proof. Note first that
i=1 A

= (F Yareard) W, F (farar ) Vel
2

A

= [ (FUarary e2,e2) 2

=T (F (fayooar ) W) (4.5)
Equation (4.5) is a consequence of Lemma 4.1 and Lemma 4.3.

Combining (4.2) and (4.5), we obtain

2 El 2
H.fal,...,ar,xl HHS(U) = H(I - A)2fa1,...,ar,xl ||L2(U)
= (I =A)fa,..., amxmfth ,,,, a'r‘vXI,)LQ(U)

= Y b (FT=D) farard) V) F(fararnad) M) grg

XEAS (U)
= Z dx ((1 + kx5 F (fal,-.~’a7-,xz) ()\>7'F(fa1~,~~aa7~7Xl)(>\))HS
XA (U)
= > A1+ ) T (F (far.oarna) V)
XeAS (U)
= Z dA(1+H,\)SH|1/),\,l(ai)|2-
XeAT(U) =1

5. Restricted Roots on Complex Grassmannians
Let p and g be two integers such that p > ¢ > 2, n =p+ g, and let

1, 0
fra = (é) _Iq> 7

where I,, is the n x n-identity matrix. Consider the non-compact Lie group
G=5Up,q) ={9€SLp+q,C) | g"Ipq9 = Ipq}-
Let g = su(p, q) denote the Lie algebra of SU(p, q), then
su(p,q) = {A € Myo(C) [ ALy g+ Ip A =0,Tr(A) = 0}
Let su(p,q) = €+ p be a Cartan decomposition of su(p, q), with

b{(‘é g)|A6u(p), Beu(g) and Tr(A)+Tr(B):O}
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0 Z
P:{<ZT 0 ) |Z€Mp,q(c)}~

Let u = £+ +/—1p be the compact real form of sl(p + ¢, C), the complexification of
su(p,q). Thus U = SU(p + q) is the lie group with lie algebra u.
Take K = S (U(p) x U(q)). Then the Lie algebra of K is ¢.

Let a be a maximal abelian subspace of p. For T' = (¢1,ta,...,t;) € R? we choose
a to be all (p+ q) x (p + ¢)-matrices of the form

and

Lo tq
0 10
,,,,,,,, Lot
Hr = 0 10 0
e
00
| |

ty

Therefore we can identify a and a*, the dual of a, with R?. Let a; € a* be such
that

6% (H(tl,...,tq)) =t;.
Let X = 3(g, a), be the set of restricted roots, so we have
S = {+a;,+2a;, (1 <i<gq), and + (a;+q;),(1<i<j<q)},
with multiplicities
Mo, = 2k, Mmoo, =1, and ma,+a; = 2,
where k = p — q. Let C* be a Weyl chamber in a such that
Ct={Hu,, 1,)€a|lti>ta> - >t, >0},
so the corresponding system of positive restricted roots T consists of
a;, 205, (1 <1 <q), and (o £a;),(1<i<j<q).

Let

Then

By ([11],Proposition 7.1, Theorem 7.2; [8], Theorem 3.1), we have
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q
Af(U) = {/\ => Na;€a

=1

N—NE2LT(1<i<j<q) M€ l|+QZ+}.

Hence we have
A;F(U):{/\:(2m1+\l\,2m2+|l|,,..,2mq+|l|)|mi €Z,my >mg>--->mg > 0}.

An explicit formula for the x;-spherical functions on the complex Grassmannians
(SU(p,q)/S(U(p) x U(q))) was obtained in [1]. More precisely, let

1)p 1-—
Péaﬁ)(g;):wzp‘l (n,n+a+6+1,a+1; 23:)
n!
be the Jacobi polynomial of degree m, where oFy( -, -, - ; - ) is the Gauss

hyper-geometric function, and let

. PT(Lk’IlD(cos(Qx))
P, (cos(2z)) = W

=oF (n+k+|l|+1,-n,k+ 1;sin*(z)) .
Then we have
Theorem 5.1 ([1]). Let X\ € A (U) such that

A= (277711‘i’|l|a27712+ ‘l|732mq+|l|)amz €Z,my >mg > --- qu > 0.
Then the x;-spherical function ¥y on U = SU(p + q) is given by

q
Hcos‘ll(ti)
i =1

i ]

C det {pniyl(cos(%j))}
Uni (exp (V=1Hp,,..1,))) =

[T (ctni) —ctny) J[ (cos(2t;) - cos(2t;))’

1<i<j<q 1<i<j<q

where Hyy, 1) €a, k=p—q, ni=m;+q—1, c(n;) =ni(n; +[l| +k+1) and

qg—1
C = 23401 H [(k + 5)2931] .

Jj=1

Note that the x;-spherical function y; in Theorem 5.1 can be defined for all
elements of U by means of the decomposition

U = K exp(ia) K (see Theorem 7.39 in [9]).
In other words, since ) ; is x;-bi-invariant, for any v € U,
u = ky exp(i X) kp,  for some ki, ko € K, and X € a,
we obtain
Uaa(u) = xi(kika) ™", (exp(i X)).
Corollary 5.2. Let A € A (U) such that
A= (2my +|I|,2me +|l],...,2mq +|I]),m; €Z,m1 > Mg > - >my >0,

and let
u = ki exp(i Hy, . 1,)) ko,
where ki, ko € K, and H(tl,...,tq) €a.
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It follows for sufficiently large n; we have

C(l,tlA,H.,t ) .

ﬁnJ%(zpfq) if mq > 0,

j=1

[ (w)] = |[oag (exp (V=1H,,..1)))| <
Clt1,... tg) . _
qﬁl .%(2P—Q+3) 7,f Ma 0,
’fL]

j=1
where H, . 4,y € a and C (I t1,...,tq) is a constant depending on t1,...,t, and .
Proof. By Theorem 5.1 and a similar argument as in [2]. (]

6. Proof of the Main Theorem

Lemma 6.1. Let (my, E)) be an irreducible x;-spherical representation of
U = SU(p+q) with highest weight A = (2mq+]l|,...,2me+|l|) and dy = dim(E}).
Then

N1
HLp(Qmi—i—|l|+k+1+2(q—z),§(k—1)) ﬁQmi+|l|+k+1+2(q_i)
i 1

i=1 <p<k+1+2(q—i);%(k—1)> p k+1+2(qg—1)
mi +m; + |l +k+2q— (i +5))> (mifmj+j7i>2 A
X — —_— if p# q,
151‘115(1( k+2¢—(+7) 15£[qu J—t
dy =
ﬁQmi+|l|+1+2(q—i) 11 (mi+m]-+|l|+1+2q—(i+j))2
i=1 1+2(q—1) 1<i<j<q 1+2q_(7/+.7)
. X . 2
< 11 (w) iFp=a
1<i<j<q It
Proof. Let
o(r +y; m)
D (,yim) = S
( ) o(y; m)
with
oty =(x—-t)(z—t+1)-- (x+1)
Let
1 1\1?
W(m,y,m,l):q)(x,y;O) (I) xvyazm_i )
o ;0 ifm=1
W(x7y7 m’ 0) = (:E’y7 )’2 :.l " ’
O(z,y;0) if m=2.

Then by [7, Theorem 2.1], we have

dy = H W<<>\,Oé>, (p, a};ma,mga),

aezg
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where % is the set of the indivisible positive roots. For A = (A1,...,A,),
= (p1,...,pq) € a*, and n = p + ¢, we have

q
(A, ) = 4n Z Aifi-

i=1
Therefore for p # g we have

=TT w(a) (p.a)ima,maa)
aest

q
=TI W(4n(2mi + 1)), Anfk + 1 + 2(q 4)];%,1)
=1
< I] W<8n(mi+m]~+\l|),8n(k+1+2q7(i+j));2,0> 1T W(Bn(mifmj),Bn(jfi);Q,O)
1<i<j<q 1<i<j<gq

q 2 4
= H o (4n(2mi + ), 4nlk + 14 2(qg — 9)]; % (k— 1)) H <I>(4n(2mi + i), 4nlk + 1+ 2(q — z)])
i=1 i=1

2 2
< I <I><8n(mi+mj+\l|),8n(k+2q— (z‘+j))) I1 @(Sn(mi —mj),Sn(j—i))
1<i<j<q 1<i<j<gq

el
71':1_[1 p(kt1420q-05k-1)

<1 (mi+mj+|l|+k{r2q—(i+j))2
k+2q—(i+7)

2mi+|l\+k+1+2(‘1—i)%%(’9—1)> ﬁ2m¢+|l\+k+1+2(q—i)
k+142(q—1)

mi—mj—l—j—i 2
- '

A similar argument can be applied for the case p = q. (I

1

1<i<j<q 1<i<j<q

Corollary 6.2. Let

A= (2my+|l], 2ma + I], ..., 2mq +[I]) € AS(U).

Then
dy < (2my + 1|+ 1)V < C(l,p,q) nf®Y,

where ny =m1 +q—1 and C (I, p,q) is a positive constant depending on l, p, and
q-

Proof. Suppose that p > ¢. Then

.1 — . .

so(2mi+|l|+k+1+2(q—2)75(k—1)) :kHl2m¢+|l\+k+1+2(qﬂ)*%(’ffl)ﬂ
. ; 1 .
<p(k:+1+2(q—z);%(k;—1)) iz k+142(q—i)—3(k—1)+j

7’“1:[1 2m; + |l .
iz E+1+2(g—i)— S(k—1)+
< (@ma+ I + DY,

where k +1+2(q—i) — $(k—1)+j>k+1+2(¢—d)—3(k—1) > L
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It follows that

g §0<2mi+|l|+k+1+2(q7i);%(k71)) S2my + |l + k414 2(q — 1)

i=1 @(k+1+2(q—i);%(kj—1)> =1 k+1+2(q—1)
U+k+20—G+)) =i\’
m; +my + i +k+2¢g—(t+) m; —mj+ ) —1
< 1 ( k+2q—(i+7) ) [I <1—2>
1<i<j<q 1<i<j<q

< (2my + |I| + 1) 9ktatala=D+ale=1)
= (2mq + |I| + 1) 2P~ DFa+2a(a—1)
< (2my +|I| + 1) 9=,
A similar argument applies when p = q. |
Lemma 6.3. Let A= (2mq + |I|,...,2mq + |I|) € AS(U), with |\ > ||p|| then
ra < C (1) ni.
for some positive constant C (1) depending on I.

Proof. Let A = (2my + [I],...,2m, + |I|) € A (U), by the Cauchy-Schwarz in-
equality, for A = (2mq + |l|,...,2m, + |I]) € A (D),

Rx = <)‘+2pv )‘>

< [IA+2p] (1A
S PY A [N
< 3|

Since all norms on a finite-dimensional vector space are equivalent,
2 2
ra < BAP < Cr(2my+]1))” < CL(2n 4+ 1])” < C(1) i,
for some positive constants C; and C (I). O

Proposition 6.4. With the above notation, we have

r

I fa1,..., ar,leiIs(U)S Z dx (1+55)° H|¢A,z(az‘)|2

AeAT (D) i=1
A<l
> 1 > 1
+Car, ..., ar,p,q) Zl nr(2p—a)—2s—q(2p—1) *Zl nr(2p—q+3)—2s—q2p—1) |’
n= n=
where C(l,a1,...,a:,p,q) is a positive constant depending on l, ay,...,a., p and

q.

Proof. Using Corollary 6.2, Corollary 5.2, Lemma 6.3 and Proposition 4.5, we get
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Hfal,”.,a,«,leiIS(U) - Z dx (1+ky)° 1_[|111/\,1(ai)|2
=1

xeAf(U)
IXI<llell
= > d(1+r) H|'¢’>\l(az - > (1+rx) H{lﬁxzaz
xeAt () AEAT(U)
[IxI<llell
= > d(1+rr)° HW&\L(%
e (U)
[IXI=>llell
25+q(2p71) 25+q(2p71)
< C’1(l,a1,...,ar,p,q)|: Z m + Z r(2pq+3):|
ni>ng>-->ng>1 HJ 1 J ny>ng>->ng 1>1 H] 2 J
1
< C’l(l,al,...,ar,p,q)|: Z r(2p—q)—2s—q(2p—1) g r(2p—q)
ni>na>->ng>1 M [[j—om;
1
+ Z r(2p—g+3)—2s—q(2p—1) q—1 7‘(2pq+3):|
n1>ng>->ng_1>1 M [[j=2n;

IN

Ci(l,a1,...,ar,p,q) |:<Z r(2p—q)—2s—q(2p— 1))(2 nr(2p—q)>‘”<z n?"@p—q))
2 q

ni=1 M1 no=1 ng=1

> 1 > 1 > 1
+ < Z nlr(Qp—q+3)—2s—q(2p—1)> < Z n;@p—q)) < Z nr@p—q))]’

n1=1 no=1 ng—1=1"g—1

=) 4—27
1 1
< Cl(l7 at,...,ar,P, q) |:Z ]{27‘<2p7q) :| l: Zl n”‘(QP*q)*QS*q(prl)
k=1 n=

= 1
+ Zl 7 (@p—a+3)—2s—a(2p—1) } ’

for some positive constant Cy(l,a,...,a,,p,q). Since 2p — q > p > 2, we have
r(2p—q) > 2. Thus Y ;o k~ 7(2p—=9) converges. Hence the proposition. O

Corollary 6.5. If
14+254+q(2p—1)
2p—q
then the function fa, . a4, i in H*(U). In other words,

r >

Hfal""’a“XlHHS(U) < Q.
Proof. Observe that

> da (145 H|¢>\laz

XEAS(U)
H/\II<HpH

is a finite sum. Also

1
Z nr(2p—q)—2s—q(2p—1)

n=1
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Converges Whenever
1+2s+q(2p—1)
2p—q '

Moreover

o0

1
Z nr(2p—q+3)—2s—q(2p—1)

converges if
14+2s4+q(2p—1)
2p—q+3

Hence by Proposition 6.4 the result follows. O

Let v be a positive integer and define

C(p,q,l/) — max{ {(P+q)2+2u+q(2p71)J +1, 2pq}.

2p—q
Theorem 6.6. Let v be a positive integer. If
r > C(p,q,v),

then

d(ﬂm,x: Kooex Hama)
dpu

e C(SU(p+q)).
Proof. Observe first that
dim (SU(n)/S(U(p) x U(a))) = 2pa.

Thus by Theorem 3.4, fiq,.....a,,y, 1S absolutely continuous with respect to the Haar
measure uy of U, ie., fo, arxd v = dpa;, ..., -

Let r > C(p, ¢, v) be a positive integer. By definition of C(p, ¢,v), we can choose
€ > 0 such that

(p+q)? +2v+q(2p—1) + 2

2p—q

(p+q)?—1
2

farrnara € H(SU(p+q)).

Then, by Corollary 6.5 (taking s = v + + ¢), we have

Therefore, the Sobolev Embedding Theorem implies
H*(SU(p+q)) € C"(SU(p+q)).

Hence the result follows. O
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