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Abstract. Let SU(p + q)/S (U(p) × U(q)) be the Grassmannian of complex p-

dimensional subspaces of Cp+q , where p and q are integers such that p ≥ q ≥ 2.

The aim of this paper is to extend the main result in [3], [2] to the case of convo-
lution of χ-orbital measures where χ is a character of S (U(p)× U(q)). More

precisely, we give sufficient conditions for the Cν -smoothness of the Radon
Nikodym derivative

fa1,...,ar,χ = d (µa1,χ ∗ ... ∗ µar,χ) /dµSU(p+q)

of the convolution µa1,χ∗...∗µar,χ with respect to the Haar measure µSU(p+q)

of SU(p+ q), where µaj ,χ are some orbital measures defined below.

1. Introduction

Let M = U/K be a compact symmetric space and let a1, a2, · · · , ar be elements
in U\NU (K), where NU (K) is the normalizer of K in U , and consider the following
linear functionals defined by

Iaj (f) =

∫∫
K×K

f (k1ajk2) dµK (k1) dµK (k2) , f ∈ C(U), j = 1, ..., r,

where C (U) is the space of continuous functions on U , and µK is the Haar measure
of the Lie group K normalized by µK (K) = 1. By Riesz representation theorem,
to each of the functionals Iaj

, j = 1, ..., r corresponds a singular measure µaj
in U

supported on KajK. Several authors considered the problem of the regularity of
the convolution of the orbital measures µaj . In [10], Ragozin proved that the convo-
lution of r orbital measures is absolutely continuous with respect to the normalized
Haar measure of U if r ≥ dimM . The absolute continuity of the convolutions of the
measures µaj

with respect to the Haar measure µU of U , has also been discussed

in [4]. The L2 regularity of the Radon-Nikodym derivative of the convolution of
the measure µaj

, where M = SU(2)/SO(2), with respect to the Haar measure of
SU(2), has been studied in [5]. The smoothness of the Radon-Nikodym derivative
of the convolution of the measures µaj on some symmetric compact spaces U/K
with respect to the normalized Haar measure of U , was considered in [2] and [3].
The convolution of orbital measures on arbitrary non-compact symmetric spaces
G/K was studied in [6]. Specifically, the paper examines the L2-regularity (resp.
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Cν-smoothness) of the Radon-Nikodym derivative of the convolution µa1
∗ · · · ∗µar

with respect to a fixed left Haar measure µG on G.
It is known that if a result is true for Grassmannians, it is likely to be true

for all compact symmetric spaces. Following this guideline, we considered in [2]
the question of smoothness of the Radon-Nikodym derivative of the convolution of
the orbital measures µaj

on complex Grassmannians. In this paper, we consider
the case of the complex Grassmannian M = U/K, where U = SU (p+ q) and
K = S (U(p)× U(q)), with p and q being integers such that p ≥ q ≥ 2, and we
introduce the following twisted complex valued functionals:

Iaj ,χ (f) =

∫
K

∫
K

f (k1ajk2)χ(k1k2)
−1dµK(k1)dµK(k2), f ∈ C (U) , j = 1, ..., r,

where C (U) is the space of continuous functions on U , and

χ : K −→ C
is a character. Again, by Riesz representation theorem, to the functional Iaj ,χ

corresponds a C-valued regular Borel measure µaj ,χ, j = 1, 2, ..., r.
Since supp(µaj ,χ) = KajK for j = 1, . . . , r and KajK has empty interior in U ,

the measures µaj ,χ are singular.
In the first part of this paper, we give a sufficient condition for µa1,χ ∗ · · · ∗µar,χ

to be absolutely continuous with respect to the normalized Haar measure µU of U ,
obtained in section 3. In the second part, for each given positive integer ν, a lower
bound C (p, q, ν), as defined below, is provided such that for every r ≥ C(p, q, ν),
the Radon-Nikodym derivative

d
(
µa1,χ ∗ · · · ∗ µar,χ

)
dµU

is in Cν(U), the space of ν-times continuously differentiable functions on U , where
µU is the Haar measure on U , normalized by µU (U) = 1. More precisely, let ν be
a positive integer and

C (p, q, ν) := max

(⌊
(p+ q)2 + 2ν + q(2p− 1)

2p− q

⌋
+ 1, 2pq

)
.

The aim of this paper is to prove the following

Theorem (Main Theorem). Let ν be a positive integer. If

r ≥ C (p, q, ν) ,

then
d
(
µa1,χ ∗ · · · ∗ µar,χ

)
dµU

∈ Cν (SU(p+ q)) .

The paper is organized as follows. In section 2, we collect some results about
χ-spherical representations and χ-spherical functions which will be needed in the
paper. In section 3, we give a sufficient condition for the absolute continuity of the
convolution of the χ-orbital measures with respect to the normalized Haar measure
on U . In section 4, we study the Fourier transform of the Radon-Nikodym derivative
of the convolution of χ-orbital measures with respect to the Haar measure on U .
In section 5, we review some of the main properties of restricted roots on complex
Grassmannians. In section 6, we give a proof of the main result of the paper.
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2. The χl-Spherical Representations

Let G be a non-compact, connected, simple Lie group, and g its Lie algebra. Let

g = k⊕ p,

be a Cartan decomposition of the Lie algebra g. It is known that

u = k⊕
√
−1p

is a compact real form of gC, the complexification of g. Let a be a maximal abelian
subspace of p and h a Cartan subalgebra of g containing a. Then h = m⊕ a, where
m = h ∩ k. Let U be the simply connected, simple Lie group with Lie algebra u
and let K be a Lie group with Lie algebra k.

Since every character χ of K is trivial on the commutator subgroup [K,K], and
since K = Z (K) [K,K], k = [k, k] ⊕ z(k), where z(k) is the center of k, Z(K) is the
center of K. We see that if z(k) is trivial, then every character is trivial. Therefore,
we will assume in what follows that z(k) is not trivial, hence K is not semisimple
and therefore U/K is Hermitian.

Let Z be a non-zero element of z(k) such that exp (tZ) ∈ Z (K) and
exp(tZ) ∈ [K,K] if and only if t ∈ 2πZ. For each integer l, put

χl (x) =


1 if x ∈ [K, K];

exp (itl) if x = exp (tZ).

It can be seen that for each integer l, χl is a character of K, moreover every
character of K is of that form, i.e., the family (χl)l∈Z exhausts all the characters
of K, more precisely, we have the following

Proposition 2.1 ([11]). For every integer l, χl is a character of K. Moreover,
every character of K is of the form χl for some integer l.

Let πλ : U −→ GL(Eλ) be an irreducible unitary representation of U with
highest weight λ. For a non-trivial character χl of K, let

El
λ = {X ∈ Eλ |πλ (k) (X) = χl (k)X for all k ∈ K} . (2.1)

The representation (πλ, Eλ) of U is said to be χl-spherical if E
l
λ ̸= 0. The spherical

representations correspond to the case l = 0.

Fix an integer l in Z, from now on we will denote by Ûl the set of χl-spherical
irreducible unitary representations of U and Λ+(U) the set of highest weights of
irreducible representation of U . It is well known that if U/K is a symmetric space
and (πλ, Eλ) is a χl-spherical representation, then dimCE

l
λ = 1. The set of highest

weights of χl-spherical representations of U will be denoted by Λ+
l (U).

Recall that a function φ on U is called (an elementary) χl-spherical function if
it is not identically zero, and if it satisfies the following conditions:

φ(k1uk2) = χl(k1k2)
−1φ(u), for all u ∈ U, k1, k2 ∈ K, (2.2)

and ∫
K

φ(u1ku2)χl(k) dµK(k) = φ(u1)φ(u2), for all u1, u2 ∈ U. (2.3)
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Actually it can be proved that (2.2) is a consequence of (2.3), see [8].

For λ ∈ Λ+
l (U), let (., .)λ be a U -invariant inner product on Eλ, i.e.,

(πλ (u)X,πλ (u)Y )λ = (X,Y )λ .

for all u ∈ U and X,Y ∈ Eλ, and let ∥ · ∥λ the corresponding norm. Choose an
orthonormal basis {eλ1 , · · · , eλdλ

} of Eλ, such that eλ1 ∈ El
λ, where dλ = dimEλ.

It is well known that ψλ,l(u) =
(
eλ1 , πλ(u)e

λ
1

)
λ
is an elementary χl- spherical

function and conversely any elementary χl- spherical function on U is of this form.

3. Absolute Continuity of Convolutions of χl-Orbital Measures

Let a ∈ U\NU (K), and let Ia,χl
be as in section 1. By the Riesz representa-

tion theorem, to the functional Ia,χl
corresponds a unique C-valued regular Borel

measure µa,χl
on U , such that

Ia,χl
(f) =

∫
U

f(g)dµa,χl
(g), f ∈ C (U) .

Fix a set of points a1, · · · , ar in U\NU (K) and consider the linear functional

Ia1,a2 ,··· ,ar,χl
(f) =∫

K

· · ·
∫
K

f
(
k1a1k2 · · · krarkr+1

)
χl (k1 · · · kr+1)

−1
dµK(k1) · · · dµK(kr+1).

Again, by the Riesz representation theorem, to the functional Ia1,a2,··· ,ar,χl
cor-

responds a measure µa1,··· ,ar,χl
, such that

Ia1,a2,··· ,ar,χl
(f) =

∫
U

f(g)dµa1,··· ,ar,χl
(g)

for all f in C (U).

Proposition 3.1.

µa1,a2,··· ,ar,χl
= µa1,χl

∗ · · · ∗ µar,χl
.

Proof. Let f ∈ C (U) and let r = 2. Since µK is normalized, we have

∫
U
f(g) dµa1,χl ∗ µa2,χl (g) =

∫
U

∫
U
f(g1g2)dµa1,χl (g1)dµa2,χl (g2)

=

∫
K

∫
K

∫
K

∫
K
f(k1a1k2k3a2k4)χ

−1
l (k1k2k3k4) dµK(k1)dµK(k2)dµK(k3)dµK(k4)

=

∫
K

∫
K

∫
K

(∫
K
f(k1a1k2k3a2k4)χ

−1
l (k1k2k3k4) dµK(k2)

)
dµK(k1)dµK(k3)dµK(k4)

=

∫
K

∫
K

∫
K

(∫
K
f(k1a1k5a2k4)χ

−1
l (k1k5k4) dµK(k5)

)
dµK(k1)dµK(k3)dµK(k4)

=

∫
K

∫
K

∫
K
f(k1a1k2a2k3)χ

−1
l (k1k2k3) dµK(k1)dµK(k2)dµK(k3)

=

∫
U
f(g) dµa1,a2,χl (g).
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By induction, we get∫
U

f(g)d
(
µa1,χl

∗ · · · ∗ µar,χl

)
(g) =

∫
U

f(g) dµa1,a2,··· ,ar,χl
,

for all f ∈ C (U). Hence the proposition. □

Lemma 3.2. For every Borel subset B of U , we have
(i) that

µa,χl
(B) =

∫
U

1B(x) dµa,χl
(x) =

∫
K

∫
K

1B (k1ak2)χl (k1k2)
−1
dµK (k1) dµK (k2) ,

(ii) and∫
U

1B(x) dµa1,...,ar,χl
=∫

K

· · ·
∫
K

1B (k1a1k2 · · · krarkr+1)χl(k1 · · · kr+1)
−1dµK (k1) · · · dµK (kr+1) ,

where 1B is the characteristic function of B.

Proof. Consider the continuous mapping τa : K ×K −→ U such that

τa(k1, k2) = k1ak2.

Let λa be the push-forward of the product measure µK × µK on K ×K under the
map τa, i.e., for a Borel subset B of U ,

λa (B) = (τa)∗ (µK × µK) (B) =
(
µK × µK

) (
τ−1
a (B)

)
.

Hence

λa (B) =

∫
K

∫
K

1B (k1ak2) dµK (k1) dµK (k2) .

By (Corollary 1 [12]), λa is regular. Define the complex measure λa,χl
on U by

λa,χl
(B) =

∫
K

∫
K

1B (k1ak2)χl (k1k2)
−1
dµK (k1) dµK (k2) .

Fix a Borel set B, and let ϵ > 0. Since λa is regular, there exist an open set O and
a compact set C of U such that C ⊆ B ⊆ O and

λa(B\C) < ϵ and λa(O\B) < ϵ.

Therefore

|λa,χl
|(B\C) = sup

n∑
i=1

|λa,χl
(Bi)|

≤ sup

n∑
i=1

λa(Bi)

= λa(B\C)
< ϵ,

where the supremum is taken over all partitions of B\C into a finite number of
Borel sets B1, . . .Bn. Similarly |λa,χl

|(O\B) < ϵ. Hence λa,χl
is regular. A similar

argument as in (Theorem 2, [12]), shows that for any Borel set B,
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λa,χl
(B) = µa,χl

(B), which proves part (i) of the Lemma. Part (ii) of the Lemma
follows from ([12], Theorem 2). □

Proposition 3.3. Let ai ∈ U\NU (K), i = 1, . . . , r and ψr : Kr+1 −→ U , be such
that

ψr(k1, . . . , kr+1) = k1a1k2 . . . krarkr+1.

Then Rankψr ≥ min (dimU, r + dimK), except on a proper analytic subvariety of
Kr+1.

Proof. By [13], the pair (U,K) satisfies condition (2.1) in [10]. So the Proposition
follows from ([10], Proposition 2.2). □

Theorem 3.4. Let (U,K) and µai, χl
, i = 1, . . . , r be as above. If r ≥ dimU/K

then µa1,...,ar, χl
is absolutely continuous with respect to the Haar measure µU of U .

Proof. Let S ⊆ U be a measurable set and 1S its characteristic function. Assume
that µU (S) = 0, it will be shown that µa1,...,ar, χl

(S) = 0. By Lemma 3.2 we have

|µa1,...,ar,χl(S)| =
∣∣∣∣∫

K

· · ·
∫
K

1S(k1a1k2 . . . arkr+1)χl(k1 . . . kr+1)
−1 dµK(k1) . . . dµK(kr+1)

∣∣∣∣
≤

∫
K

· · ·
∫
K

1S(k1a1k2 . . . arkr+1) dµK(k1) . . . dµK(kr+1)

≤ µKr+1((ψ
r)−1(S)),

where µKr+1 is the Haar measure of Kr+1. To finish the proof we need to show
that

ψr
∗
(
µKr+1

)
(S) = µKr+1

(
(ψr)

−1
(S)
)
= 0.

By Proposition 3.3, ψr has full rank, i.e., Rankψr = dimU = dimK + dimU/K,
except on a proper analytic subvariety of Kr+1. This subvariety has measure zero,
since it has smaller dimension than Kr+1.
Assume that Kr+1 (resp. U) has dimension s (resp. m). Note that s ≥ m and
(ψr)−1(S) is closed.

Consider p′ ∈ (ψr)−1(S) and let p = ψr(p′). By the submersion theorem there
are charts (τ1, H

′) centered at p′ and a chart (τ2, H) centered at p such that
ψr(H ′) ⊆ H,

τ2 ◦ ψr ◦ τ−1
1 (x, y) = x, for all x ∈ Rm, y ∈ Rs−m, (x, y) ∈ τ1(H).

Let λm be the Lebesgue measure of Rm. Since the Haar measure on any Lie group is
mutually absolutely continuous with respect to Lebesgue measure in any coordinate
patch we have

λm(τ2(H ∩ S)) = 0.

Let A ⊆ Rs be such that

A = τ1(H
′ ∩ (ψr)−1(S)).

It follows that

A ⊆ {(x1, . . . , xm, xm+1, . . . , xs) ∈ Rs | (x1, . . . , xm) ∈ τ2(H ∩ S)}.
By Fubini’s Theorem, we have

λs(A) =

∫
Rs

1A(x) dλs(x)
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=

∫
Rl

∫
Rm

1A(x, y) dλm(x)dλl(x)

≤
∫
Rl

∫
Rm

1τ2(H∩S)(x) dλm(x)dλl(x)

=

∫
Rl

λm(τ2(H ∩ S)) dλl(x)

= 0.

Thus for any x ∈ Kr+1, there exists a coordinate neighborhood H ′ ⊆ Kr+1 of x
such that

µKr+1(H ′ ∩ (ψr)−1(S)) = 0.

By compactness of Kr+1, we can find a finite coordinate neighborhoods {H ′
i}di=1

such that

(ψr)−1(S) ⊆
d⋃

i=1

H ′
i,

so we have

(ψr)−1(S) =

d⋃
i=1

(H ′
i ∩ (ψr)−1(S)).

Therefore

µKr+1

(
ψr)−1(S)

)
≤

d∑
i=1

µKr+1(H ′
i ∩ (ψr)−1(S)) = 0.

Hence the Theorem. □

4. Fourier Transform of the Radon-Nikodym Derivative fa1,...,ar,χl

Let χl : K −→ GL (Eχl
) be a representation of K. Define an action of K on

U × Eχl
from the right by

(u,X) k =
(
uk, χl

(
k−1

)
X
)
, u ∈ U, X ∈ Eχl

.

Define an equivalence relation R on U × Eχl
by

(u1, X1)R (u2, X2) ⇔ ∃ k ∈ K such that u2 = u1k and X2 = χl

(
k−1

)
X1.

The equivalence class of an element (u,X) of U ×Eχl
will be denoted by [u,X] and

the set of equivalence classes by Eχl
= U ×K Eχl

, i.e.,

Eχl
= U ×K Eχl

= {[u,X] | u ∈ U and X ∈ Eχl
} .

Then Eχl
is a complex vector bundle over U/K of rank equal to dimCEχl

. In case
χl is a character, i.e., dimCEχl

= 1, or equivalently Eχl
∼= C, then Eχl

is a line
bundle, which we will denote, following tradition, by Lχl

. It is easy to see that the
smooth sections Γ (U/K, Lχl

) of Lχl
can be identified with smooth functions f on

U satisfying
f (uk) = χl(k)

−1f (u) , for all k ∈ K and u ∈ U.

Let

L2 (U/K, Lχl
) =

{
f ∈ L2(U) | f(uk) = χl(k

−1)f(u), for all k ∈ K
}
,

and let L2 (U//K, Lχl
) be the subspace in L2 (U/K, Lχl

) of functions satisfying

f(k1uk2) = χl(k1k2)
−1f(u), for all k1, k2 ∈ K.
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Let λ ∈ Λ+
l (U) and, as above, let πλ : U −→ GL(Eλ) be the irreducible unitary

representation of U with highest weight λ. For f ∈ L1(U), consider the bilinear
form

Ψλ : Eλ × Eλ −→ C

(X,Y ) 7−→ Ψλ(X,Y ) =

∫
U

f(u)
(
πλ(u)X,Y

)
λ
dµU (u), X, Y ∈ Eλ.

Since

|Ψλ(X,Y )| =

∣∣∣∣∫
U

f(u)
(
πλ(u)X,Y

)
λ
dµU (u)

∣∣∣∣ ≤ ∥X∥λ ∥Y ∥λ ∥f∥L1(U),

it follows that Ψλ is continuous. By Riesz representation theorem, we deduce that
there exists a continuous linear operator

F
(
f
)
(λ) : Eλ −→ Eλ

such that (
F
(
f
)
(λ)(X), Y

)
λ

=

∫
U

f(u)
(
πλ(u)X,Y

)
λ
dµU (u).

The operator F
(
f
)
(λ) is called the Fourier transform of f and for simplicity we

write

F
(
f
)
(λ) (X) =

∫
U

f(u)πλ(u) (X) dµU (u).

Recall that for a nontrivial character χl of K, we denoted by El
λ the subspace of

Eλ defined in (2.1). Similarly, as above, there exists a continuous linear operator

Pl,λ : Eλ −→ Eλ

such that(
Pl,λ(X), Y

)
λ

=

∫
K

χl

(
k−1

) (
πλ(k)X, Y

)
λ
dµK(k), X, Y ∈ Eλ.

For simplicity, we will write

Pl,λ(X) =

∫
K

χl(k
−1)πλ(k)X dµK(k), X ∈ Eλ.

Recall that {eλ1 , · · · , eλdλ
} is an orthonormal basis of Eλ, where e

λ
1 ∈ El

λ and

dλ = dimEλ.

It can be shown that

πλ(k)Pl,λ(X) = χl(k)Pl,λ(X),

for every k ∈ K and X ∈ Eλ. Thus Pl,λ(X) ∈ El
λ. Moreover, the operator Pl,λ

is both self-adjoint and idempotent. Hence, it is the orthogonal projection of Eλ

onto the subspace El
λ. Consequently,(
Pl,λ(e

λ
j ), e

λ
1

)
λ
= 0, for j = 2, 3, . . . , dλ.

Lemma 4.1. Let f ∈ L1(U/K;χl). Then:
(i) For each λ ∈ Λ+(U), we have

F(f)(λ) = F(f)(λ)Pl,λ.
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(ii) For λ ∈ Λ+(U) \ Λ+
l (U), we have

F(f)(λ)X = 0, for all X ∈ Eλ.

(iii)

Tr
(
F(f)(λ)

)
=
(
F(f)(λ)eλ1 , e

λ
1

)
λ
.

Proof. (i) For f ∈ L1(U/K;χl) and any X ∈ Eλ, we compute:

F(f)(λ) (Pl,λ(X)) =

∫
U

f(u)πλ(u)

(∫
K

χl(k
−1)πλ(k)X dµK(k)

)
dµU (u)

=

∫
K

∫
U

χl(k
−1)f(u)πλ(uk)X dµU (u) dµK(k)

=

∫
K

(∫
U

f(uk)πλ(uk)X dµU (u)

)
dµK(k)

=

∫
K

(∫
U

f(u)πλ(u)X dµU (u)

)
dµK(k)

=

∫
U

f(u)πλ(u)X dµU (u) = F(f)(λ)(X).

Hence,

F(f)(λ) = F(f)(λ)Pl,λ.

(ii) Since λ ̸∈ Λ+
l (U), El

λ = 0. Thus

F(f)(λ)X = 0, for all X ∈ Eλ.

(iii) Since Pl,λ is the orthogonal projection onto the one-dimensional space spanned
by eλ1 , for X ∈ Eλ,

Pl,λ(X) = (X, eλ1 )λ e
λ
1 .

Thus,

F(f)(λ)(X) = F(f)(λ)(Pl,λ(X))

= F(f)(λ)
(
(X, eλ1 )λ e

λ
1

)
= (X, eλ1 )λ F(f)(λ)(eλ1 ).

It follows that

Tr (F(f)(λ)) =
(
F(f)(λ)(eλ1 ), e

λ
1

)
λ
.

□

Denote by (·, ·)HS the Hilbert–Schmidt inner product on End (Eλ), i.e.,

(T, S)HS = Tr (S∗ ◦ T )

=

dλ∑
i=1

(
Teλi , Se

λ
i

)
λ
,

where T, S ∈ End (Eλ), dλ = dimEλ,
{
eλi
}dλ

i=1
an orthonormal basis of Eλ and S∗

the adjoint of S. It can be proved that this definition is independent of the choice
of the orthonormal basis of Eλ. Let ∥.∥HS the corresponding norm.
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Theorem 4.2 (Plancherel Theorem). Let f, f1, f2 ∈ L2 (U/K, Lχl
). Then

(f1, f2)L2(U) =
∑

λ∈Λ+
l (U)

dλ (F(f1)(λ),F(f2)(λ))HS .

In particular,

∥f∥2L2(U) =
∑

λ∈Λ+
l (U)

dλ ∥F(f)(λ)∥2HS .

Suppose that µa1,...,ar, χl
is absolutely continuous with respect to the Haar mea-

sure µU on U , and denote by fa1,...,ar,χl
the Radon-Nikodym derivative of µa1,...,ar, χl

with respect to µU , i.e.,

fa1,...,ar,χl
dµU = dµa1,...,ar, χl

.

The following result will be used in the proof of Proposition 4.5.

Lemma 4.3.

F (fa1,...,ar,χl
) (λ)eλ1 =

(
F (fa1,...,ar,χl

) (λ)eλ1 , e
λ
1

)
λ
eλ1 .

Proof. Note first that for each k ∈ K, the measures fa1,...,ar,χl
(ku) dµU (u) and

χl(k)
−1fa1,...,ar,χl

(u) dµU (u) are equal, i.e.,

fa1,...,ar,χl
(ku) dµU (u) = χl(k)

−1fa1,...,ar,χl
(u) dµU (u) (4.1)

for if ϕ ∈ C (U), then∫
U

ϕ (u) fa1,...,ar,χl
(ku) dµU (u) =

∫
U

ϕ
(
k−1u

)
fa1,...,ar,χl

(u) dµU (u)

=

∫
K

· · ·
∫
K

ϕ
(
k−1k1a1k2 · · · krarkr+1

)
χl (k1 · · · kr+1)

−1
dµK(k1) · · · dµK(kr+1)

=

∫
K

· · ·
∫
K

ϕ
(
k1a1k2 · · · krarkr+1

)
χl (kk1 · · · kr+1)

−1
dµK(k1) · · · dµK(kr+1)

=

∫
U

χl(k)
−1ϕ (u) fa1,...,ar,χl

(u) dµU (u) .

Therefore, from (4.1), we deduce that

πλ(k)

[
F (fa1,...,ar,χl

) (λ)eλ1

]
=

∫
U

fa1,...,ar,χl
(u)πλ (ku) e

λ
1 dµU (u)

=

∫
U

fa1,...,ar,χl

(
k−1u

)
πλ (u) e

λ
1 dµU (u)

=

∫
U

χl(k)fa1,...,ar,χl
(u)πλ (u) e

λ
1 dµU (u)

= χl(k)F (fa1,...,ar,χl
) (λ)eλ1 .

Thus F (fa1,...,ar,χl
) (λ)eλ1 ∈ El

λ. Since dimEl
λ = 1, we deduce that

F (fa1,...,ar,χl
) (λ)eλ1 = c eλ1 ,

for some constant c, which is easily seen to be
(
F (fa1,...,ar,χl

) (λ)eλ1 , e
λ
1

)
λ
. Hence

the Lemma. □



SMOOTHNESS OF THE RADON-NIKODYM DERIVATIVE 41

Proposition 4.4.

Tr(F (fa1,...,ar,χl
) (λ)) =

r∏
i=1

ψλ,l

(
a−1
i

)
. (4.2)

Proof. Observe that

Tr(F(fa1,...,ar,χl )(λ)) =
(
F (fa1,...,ar,χl ) (λ)e

λ
1 , e

λ
1

)
λ

(By Lemma 4.1)

=

∫
U
fa1,...,ar,χl (u)

(
πλ (u) eλ1 , e

λ
1

)
λ
dµU (u)

=

∫
U
fa1,...,ar,χl (u)ψλ,l(u

−1)dµU (u)

=

∫
U
ψλ,l(u) dµa1,...,ar, χl (u) (4.3)

=

∫
K
· · ·
∫
K
ψλ,l (k1a1k2 · · · krarkr+1)χl(k1 . . . kr+1)

−1dµK (k1) · · · dµK (kr+1)

=

∫
K
· · ·
∫
K
ψλ,l

(
(k1a1k2 · · · krarkr+1)

−1
)
χl(k1 . . . kr+1)

−1dµK (k1) · · · dµK (kr+1) (4.4)

=

∫
K
· · ·
∫
K
ψλ,l

(
k−1
r+1a

−1
r k−1

r · · · k−1
2 a−1

1 k−1
1

)
χl(k1 . . . kr+1)

−1dµK (k1) · · · dµK (kr+1)

=

∫
K
· · ·
∫
K
ψλ,l

(
a−1
r k−1

r · · · k−1
2 a−1

1

)
χl(k2 . . . kr)

−1dµK (k1) · · · dµK (kr+1) ,

where (4.3) and (4.4) are obtained by using the fact that ψλ,l(u) = ψλ,l

(
u−1

)
for all u ∈ U .

Since ∫
K

ψλ,l(u1ku2)χl(k)dµK(k) = ψλ,l(u1)ψλ,l(u2), for all u1, u2 ∈ U,

we infer that

Tr(F (fa1,...,ar,χl ) (λ)) =

∫
K
· · ·
∫
K
ψλ,l

(
a−1
r k−1

r · · · k−1
2 a−1

1

)
χl(k2 . . . kr)

−1dµK (k2) · · · dµK (kr)

= ψλ,l(a
−1
1 )ψλ,l(a

−1
r )

×
∫
K
· · ·
∫
K
ψλ,l

(
a−1
r−1k

−1
r−1 · · · k

−1
3 a−1

2

)
χl(k3 . . . kr−1)

−1dµK (k3) · · · dµK (kr−1)

...

=
r∏

i=1

ψλ,l

(
a−1
i

)
.

Hence the Proposition.
□

Let ∆ denote the Casimir operator, ⟨·, ·⟩ the inner product on a∗ induced by the
Killing form of u, and let

κλ = ⟨λ, λ+ 2ρ⟩
be the Casimir constant, where 2ρ is the sum of all positive roots and λ ∈ a∗.

Denote byHs(U) the Sobolev space of functions in L2(U) whose weak derivatives
up to order s are in L2(U), and let ∥ · ∥Hs(U) denote the corresponding Sobolev
norm. For more details, see [3].
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Proposition 4.5. With the notation above, we have

∥fa1,...,ar,χl
∥2Hs(U) =

∑
λ∈Λ+

l (U)

dλ (1 + κλ)
s

r∏
i=1

|ψλ,l (ai)|2 .

Proof. Note first that

(F (fa1,...,ar,χl ) (λ),F(fa1,...,ar,χl )(λ))HS =

dλ∑
i=1

(
F (fa1,...,ar,χl ) (λ)e

λ
i ,F (fa1,...,ar,χl ) (λ)e

λ
i

)
λ

=
(
F (fa1,...,ar,χl ) (λ)e

λ
1 ,F (fa1,...,ar,χl ) (λ)e

λ
1

)
λ

=
∥∥∥F (fa1,...,ar,χl ) (λ)e

λ
1

∥∥∥2
λ

=
∥∥∥(F (fa1,...,ar,χl ) (λ)e

λ
1 , e

λ
1

)
λ
eλ1

∥∥∥2
λ

= |Tr (F (fa1,...,ar,χl ) (λ))|
2 . (4.5)

Equation (4.5) is a consequence of Lemma 4.1 and Lemma 4.3.

Combining (4.2) and (4.5), we obtain

∥fa1,...,ar,χl
∥2Hs(U) =

∥∥(I −∆)
s
2 fa1,...,ar,χl

∥∥2
L2(U)

= ((I −∆)sfa1,...,ar,χl
, fa1,...,ar,χl

)L2(U)

=
∑

λ∈Λ+
l (U)

dλ (F ((I −∆)sfa1,...,ar,χl
) (λ),F(fa1,...,ar,χl

)(λ))HS

=
∑

λ∈Λ+
l (U)

dλ ((1 + κλ)
sF (fa1,...,ar,χl

) (λ),F(fa1,...,ar,χl
)(λ))HS

=
∑

λ∈Λ+
l (U)

dλ(1 + κλ)
s |Tr (F (fa1,...,ar,χl

) (λ))|2

=
∑

λ∈Λ+
l (U)

dλ(1 + κλ)
s

r∏
i=1

|ψλ,l(ai)|2 .

□

5. Restricted Roots on Complex Grassmannians

Let p and q be two integers such that p ≥ q ≥ 2, n = p+ q, and let

Ip,q =

(
Ip 0
0 −Iq

)
,

where In is the n× n-identity matrix. Consider the non-compact Lie group

G = SU(p, q) = {g ∈ SL(p+ q,C) | g∗Ip,qg = Ip,q} .
Let g = su(p, q) denote the Lie algebra of SU(p, q), then

su (p, q) = {A ∈Mp+q(C) | A∗Ip,q + Ip,qA = 0,Tr (A) = 0} .
Let su(p, q) = k+ p be a Cartan decomposition of su(p, q), with

k =

{(
A 0
0 B

)
| A ∈ u (p) , B ∈ u (q) and Tr (A) + Tr (B) = 0

}
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and

p =

{(
0 Z

Z
T

0

)
| Z ∈Mp,q (C)

}
.

Let u = k+
√
−1p be the compact real form of sl(p+ q,C), the complexification of

su(p, q). Thus U = SU(p+ q) is the lie group with lie algebra u.
Take K = S (U(p)× U(q)). Then the Lie algebra of K is k.

Let a be a maximal abelian subspace of p. For T = (t1, t2, . . . , tq) ∈ Rq we choose
a to be all (p+ q)× (p+ q)-matrices of the form

HT =



t1

0 0
...

tq
0 0 0

tq
... 0 0

t1


.

Therefore we can identify a and a∗, the dual of a, with Rq. Let αi ∈ a∗ be such
that

αi

(
H(t1,...,tq)

)
= ti.

Let Σ = Σ(g, a), be the set of restricted roots, so we have

Σ = {±αi,±2αi, (1 ≤ i ≤ q), and ± (αi ± αj) , (1 ≤ i < j ≤ q)} ,

with multiplicities

mαi
= 2k, m2αi

= 1, and mαi±αj
= 2,

where k = p− q. Let C+ be a Weyl chamber in a such that

C+ =
{
H(t1,...,tq) ∈ a

∣∣ t1 > t2 > · · · > tq > 0
}
,

so the corresponding system of positive restricted roots Σ+ consists of

αi, 2αi, (1 ≤ i ≤ q), and (αi ± αj) , (1 ≤ i < j ≤ q).

Let

ρ =
1

2

∑
α∈Σ+

mαα.

Then

ρ =
1

2

(
q∑

i=1

2kαi +

q∑
i=1

2αi +

q∑
i=1

4(q − i)αi

)

=

q∑
i=1

(k + 1 + 2(q − i))αi.

By ([11],Proposition 7.1, Theorem 7.2; [8], Theorem 3.1), we have
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Λ+
l (U) =

{
λ =

q∑
i=1

λiαi ∈ a∗

∣∣∣∣∣ λi − λj ∈ 2Z+(1 ≤ i < j ≤ q), λ1 ∈ |l|+ 2Z+

}
.

Hence we have

Λ+
l (U) = {λ = (2m1 + |l|, 2m2 + |l|, . . . , 2mq + |l|) | mi ∈ Z,m1 ≥ m2 ≥ · · · ≥ mq ≥ 0} .

An explicit formula for the χl-spherical functions on the complex Grassmannians
(SU(p, q)/S(U(p)× U(q))) was obtained in [1]. More precisely, let

P (α,β)
n (x) =

(α+ 1)n
n!

2F1

(
−n, n+ α+ β + 1, α+ 1;

1− x

2

)
be the Jacobi polynomial of degree n, where 2F1( · , · , · ; · ) is the Gauss
hyper-geometric function, and let

P̃n,l (cos(2x)) =
P

(k,|l|)
n (cos(2x))

P
(k,|l|)
n (1)

= 2F1

(
n+ k + |l|+ 1,−n, k + 1; sin2(x)

)
.

Then we have

Theorem 5.1 ([1]). Let λ ∈ Λ+
l (U) such that

λ = (2m1 + |l|, 2m2 + |l|, . . . , 2mq + |l|),mi ∈ Z,m1 ≥ m2 ≥ · · · ≥ mq ≥ 0.

Then the χl-spherical function ψλ on U = SU(p+ q) is given by

ψλ,l

(
exp

(√
−1H(t1,...,tq)

))
=

C det

[
P̃ni,l(cos(2tj))

]
i, j

q∏
i=1

cos|l|(ti)∏
1≤i<j≤q

(c(ni)− c(nj))
∏

1≤i<j≤q

(cos(2ti)− cos(2tj))
,

where H(t1,...,tq) ∈ a, k = p− q, ni = mi + q − i, c(ni) = ni(ni + |l|+ k + 1) and

C = 2
1
2 q(q−1)

q−1∏
j=1

[
(k + j)q−jj!

]
.

Note that the χl-spherical function ψλ,l in Theorem 5.1 can be defined for all
elements of U by means of the decomposition

U = K exp
(
i a
)
K (see Theorem 7.39 in [9]).

In other words, since ψλ,l is χl-bi-invariant, for any u ∈ U ,

u = k1 exp
(
iX
)
k2, for some k1, k2 ∈ K, and X ∈ a,

we obtain

ψλ,l(u) = χl(k1k2)
−1 ψλ,l

(
exp(iX)

)
.

Corollary 5.2. Let λ ∈ Λ+
l (U) such that

λ = (2m1 + |l|, 2m2 + |l|, . . . , 2mq + |l|),mi ∈ Z,m1 ≥ m2 ≥ · · · ≥ mq ≥ 0,

and let

u = k1 exp
(
iH(t1,...,tq)

)
k2,

where k1, k2 ∈ K, and H(t1,...,tq) ∈ a.
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It follows for sufficiently large nj we have

|ψλ,l (u)| =
∣∣ψλ,l

(
exp

(√
−1H(t1,...,tq)

))∣∣ ≤


C(l,t1,...,tq)
q∏

j=1
n

1
2
(2p−q)

j

if mq > 0,

C(l,t1,...,tq)
q−1∏
j=1

nj

1
2
(2p−q+3)

if mq = 0,

where H(t1,...,tq) ∈ a and C (l, t1, . . . , tq) is a constant depending on t1, . . . , tq and l.

Proof. By Theorem 5.1 and a similar argument as in [2]. □

6. Proof of the Main Theorem

Lemma 6.1. Let (πλ, Eλ) be an irreducible χl-spherical representation of
U = SU(p+q) with highest weight λ = (2m1+ |l|, . . . , 2mq+ |l|) and dλ = dim(Eλ).
Then

dλ =



q∏
i=1

φ
(
2mi + |l|+ k + 1 + 2(q − i); 1

2
(k − 1)

)
φ
(
k + 1 + 2(q − i); 1

2
(k − 1)

) q∏
i=1

2mi + |l|+ k + 1 + 2(q − i)

k + 1 + 2(q − i)

×
∏

1≤i<j≤q

(
mi +mj + |l|+ k + 2q − (i+ j)

k + 2q − (i+ j)

)2 ∏
1≤i<j≤q

(
mi −mj + j − i

j − i

)2

if p ̸= q,

q∏
i=1

2mi + |l|+ 1 + 2(q − i)

1 + 2(q − i)

∏
1≤i<j≤q

(
mi +mj + |l|+ 1 + 2q − (i+ j)

1 + 2q − (i+ j)

)2

×
∏

1≤i<j≤q

(
mi −mj + j − i

j − i

)2

if p = q.

Proof. Let

Φ(x, y;m) =
φ(x+ y; m)

φ(y; m)
,

with

φ(x; t) = (x− t)(x− t+ 1) · · · (x+ t)

Let

W (x, y,m, 1) = Φ(x, y; 0)

[
Φ

(
x, y;

1

4
m− 1

2

)]2
,

W (x, y,m, 0) =

{
Φ(x, y; 0), if m = 1,

Φ(x, y; 0)2 if m = 2.

Then by [7, Theorem 2.1], we have

dλ =
∏

α∈Σ+
0

W
(
⟨λ, α⟩, ⟨ρ, α⟩;mα,m2α

)
,
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where Σ+
0 is the set of the indivisible positive roots. For λ = (λ1, . . . , λq),

µ = (µ1, . . . , µq) ∈ a∗, and n = p+ q, we have

⟨λ, µ⟩ = 4n

q∑
i=1

λiµi.

Therefore for p ̸= q we have

dλ =
∏

α∈Σ+
0

W
(
⟨λ, α⟩, ⟨ρ, α⟩;mα,m2α

)

=

q∏
i=1

W
(
4n(2mi + |l|), 4n[k + 1 + 2(q − i)]; 2k, 1

)
×

∏
1≤i<j≤q

W
(
8n(mi +mj + |l|), 8n(k + 1 + 2q − (i+ j)); 2, 0

) ∏
1≤i<j≤q

W
(
8n(mi −mj), 8n(j − i); 2, 0

)

=

q∏
i=1

Φ

(
4n(2mi + |l|), 4n[k + 1 + 2(q − i)];

1

2
(k − 1)

)2 q∏
i=1

Φ
(
4n(2mi + |l|), 4n[k + 1 + 2(q − i)]

)
×

∏
1≤i<j≤q

Φ
(
8n(mi +mj + |l|), 8n(k + 2q − (i+ j))

)2 ∏
1≤i<j≤q

Φ
(
8n(mi −mj), 8n(j − i)

)2

=

q∏
i=1

φ
(
2mi + |l|+ k + 1 + 2(q − i); 1

2
(k − 1)

)
φ
(
k + 1 + 2(q − i); 1

2
(k − 1)

) q∏
i=1

2mi + |l|+ k + 1 + 2(q − i)

k + 1 + 2(q − i)

×
∏

1≤i<j≤q

(
mi +mj + |l|+ k + 2q − (i+ j)

k + 2q − (i+ j)

)2 ∏
1≤i<j≤q

(
mi −mj + j − i

j − i

)2

.

A similar argument can be applied for the case p = q. □

Corollary 6.2. Let

λ =
(
2m1 + |l|, 2m2 + |l|, . . . , 2mq + |l|

)
∈ Λ+

l (U).

Then

dλ ≤
(
2m1 + |l|+ 1

)q(2p−1) ≤ C (l, p, q) n
q(2p−1)
1 ,

where n1 = m1 + q − 1 and C (l, p, q) is a positive constant depending on l, p, and
q.

Proof. Suppose that p > q. Then

φ
(
2mi + |l|+ k + 1 + 2(q − i); 1

2
(k − 1)

)
φ
(
k + 1 + 2(q − i); 1

2
(k − 1)

) =

k−1∏
j=0

2mi + |l|+ k + 1 + 2(q − i)− 1
2
(k − 1) + j

k + 1 + 2(q − i)− 1
2
(k − 1) + j

=

k−1∏
j=0

(
2mi + |l|

k + 1 + 2(q − i)− 1
2
(k − 1) + j

+ 1

)

≤ (2m1 + |l|+ 1)k,

where k + 1 + 2(q − i)− 1
2 (k − 1) + j ≥ k + 1 + 2(q − i)− 1

2 (k − 1) > 1.
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It follows that

q∏
i=1

φ
(
2mi + |l|+ k + 1 + 2(q − i); 1

2 (k − 1)
)

φ
(
k + 1 + 2(q − i); 1

2 (k − 1)
) q∏

i=1

2mi + |l|+ k + 1 + 2(q − i)

k + 1 + 2(q − i)

×
∏

1≤i<j≤q

(
mi +mj + |l|+ k + 2q − (i+ j)

k + 2q − (i+ j)

)2 ∏
1≤i<j≤q

(
mi −mj + j − i

j − i

)2

≤ (2m1 + |l|+ 1) qk+q+q(q−1)+q(q−1)

= (2m1 + |l|+ 1) q(p−q)+q+2q(q−1)

≤ (2m1 + |l|+ 1) q(2p−1).

A similar argument applies when p = q. □

Lemma 6.3. Let λ = (2m1 + |l|, . . . , 2mq + |l|) ∈ Λ+
l (U), with ∥λ∥ ≥ ∥ρ∥ then

κλ ≤ C (l) n21.

for some positive constant C (l) depending on l.

Proof. Let λ = (2m1 + |l|, . . . , 2mq + |l|) ∈ Λ+
l (U), by the Cauchy-Schwarz in-

equality, for λ = (2m1 + |l|, . . . , 2mq + |l|) ∈ Λ+
l (U),

κλ = ⟨λ+ 2ρ, λ⟩
≤ ∥λ+ 2ρ∥ ∥λ∥
≤ ∥λ∥2 + 2 ∥ρ∥ ∥λ∥
≤ 3∥λ∥2.

Since all norms on a finite-dimensional vector space are equivalent,

κλ ≤ 3∥λ∥2 ≤ C1

(
2m1 + |l|

)2 ≤ C1

(
2n1 + |l|

)2 ≤ C (l) n21,

for some positive constants C1 and C (l). □

Proposition 6.4. With the above notation, we have

∥fa1,...,ar,χl∥
2
Hs(U) ≤

∑
λ∈Λ+

l
(U)

∥λ∥<∥ρ∥

dλ
(
1 + κλ

)s r∏
i=1

∣∣ψλ,l(ai)
∣∣2

+ C(l, a1, . . . , ar, p, q)

[ ∞∑
n=1

1

n r(2p−q)−2s−q(2p−1)
+

∞∑
n=1

1

n r(2p−q+3)−2s−q(2p−1)

]
,

where C(l, a1, . . . , ar, p, q) is a positive constant depending on l, a1, . . . , ar, p and
q.

Proof. Using Corollary 6.2, Corollary 5.2, Lemma 6.3 and Proposition 4.5, we get
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∥∥fa1,...,ar,χl

∥∥2
Hs(U)

−
∑

λ∈Λ+
l
(U)

∥λ∥<∥ρ∥

dλ
(
1 + κλ

)s r∏
i=1

∣∣ψλ,l(ai)
∣∣2

=
∑

λ∈Λ+
l
(U)

dλ
(
1 + κλ

)s r∏
i=1

∣∣ψλ,l(ai)
∣∣2 −

∑
λ∈Λ+

l
(U)

∥λ∥<∥ρ∥

dλ
(
1 + κλ

)s r∏
i=1

∣∣ψλ,l(ai)
∣∣2

=
∑

λ∈Λ+
l
(U)

∥λ∥≥∥ρ∥

dλ
(
1 + κλ

)s r∏
i=1

∣∣ψλ,l(ai)
∣∣2

≤ C1(l, a1, . . . , ar, p, q)

[ ∑
n1>n2>···>nq≥1

n
2s+q(2p−1)
1∏q
j=1 n

r(2p−q)
j

+
∑

n1>n2>···>nq−1≥1

n
2s+q(2p−1)
1∏q−1

j=2 n
r(2p−q+3)
j

]

≤ C1(l, a1, . . . , ar, p, q)

[ ∑
n1>n2>···>nq≥1

1

n
r(2p−q)−2s−q(2p−1)
1

∏q
j=2 n

r(2p−q)
j

+
∑

n1>n2>···>nq−1≥1

1

n
r(2p−q+3)−2s−q(2p−1)
1

∏q−1
j=2 n

r(2p−q+3)
j

]

≤ C1(l, a1, . . . , ar, p, q)

[( ∞∑
n1=1

1

n
r(2p−q)−2s−q(2p−1)
1

)( ∞∑
n2=1

1

n
r(2p−q)
2

)
· · ·
( ∞∑

nq=1

1

n
r(2p−q)
q

)

+

( ∞∑
n1=1

1

n
r(2p−q+3)−2s−q(2p−1)
1

)( ∞∑
n2=1

1

n
r(2p−q)
2

)
· · ·
( ∞∑

nq−1=1

1

n
r(2p−q)
q−1

)]
,

≤ C1(l, a1, . . . , ar, p, q)

[ ∞∑
k=1

1

k r(2p−q)

]q−2[ ∞∑
n=1

1

n r(2p−q)−2s−q(2p−1)

+

∞∑
n=1

1

n r(2p−q+3)−2s−q(2p−1)

]
,

for some positive constant C1(l, a1, . . . , ar, p, q). Since 2p − q ≥ p ≥ 2, we have
r(2p− q) ≥ 2. Thus

∑∞
k=1 k

− r(2p−q) converges. Hence the proposition. □

Corollary 6.5. If

r >
1 + 2s+ q (2p− 1)

2p− q
,

then the function fa1,...,ar,χl
is in Hs(U). In other words,∥∥fa1,...,ar,χl

∥∥
Hs(U)

< ∞.

Proof. Observe that ∑
λ∈Λ+

l (U)
∥λ∥<∥ρ∥

dλ
(
1 + κλ

)s r∏
i=1

∣∣ψλ,l(ai)
∣∣2

is a finite sum. Also ∑
n=1

1

nr(2p−q)−2s−q(2p−1)
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converges whenever

r >
1 + 2s+ q(2p− 1)

2p− q
.

Moreover

∞∑
n=1

1

nr(2p−q+3)−2s−q(2p−1)

converges if

r >
1 + 2s+ q(2p− 1)

2p− q + 3
.

Hence by Proposition 6.4 the result follows. □

Let ν be a positive integer and define

C
(
p, q, ν

)
:= max

{⌊
(p+q)2+2ν+q(2p−1)

2p−q

⌋
+ 1, 2pq

}
.

Theorem 6.6. Let ν be a positive integer. If

r ≥ C
(
p, q, ν

)
,

then

d
(
µa1,χl

∗ · · · ∗ µar,χl

)
dµU

∈ C ν
(
SU(p+ q)

)
.

Proof. Observe first that

dim
(
SU(n)/S

(
U(p)× U(q)

))
= 2pq.

Thus by Theorem 3.4, µa1,...,ar, χl
is absolutely continuous with respect to the Haar

measure µU of U , i.e., fa1,...,ar,χl
dµU = dµa1,...,ar, χl

.
Let r ≥ C(p, q, ν) be a positive integer. By definition of C(p, q, ν), we can choose

ϵ > 0 such that

r >
(p+ q)2 + 2ν + q(2p− 1) + 2ϵ

2p− q
.

Then, by Corollary 6.5 (taking s = ν +
(p+ q)2 − 1

2
+ ϵ), we have

fa1,...,ar,χl
∈ Hs

(
SU(p+ q)

)
.

Therefore, the Sobolev Embedding Theorem implies

Hs
(
SU(p+ q)

)
⊆ Cν

(
SU(p+ q)

)
.

Hence the result follows. □
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