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Abstract. For ℓ and r fixed positive integers with r < ℓ, we determine the

number of positive integers n ≤ N which are of the forms ℓa(ℓb+r), ℓ2a(ℓb+r),

ℓ2a+1(ℓb+r) for some nonnegative integers a and b; and for fixed r ∈ {1, 3, 5, 7}
we find the number of positive integers n ≤ N of each of the forms 22a(8b +

r), and 22a+1(8b + r) for some nonnegative integers a and b. Then we use
our results to count the number of positive integers n ≤ N which can be

represented by certain ternary quadratic forms.

1. Introduction

As is customary, Z, N, and N0 denote the sets of integers, positive integers, and
nonnegative integers, respectively. Throughout this paper N and ℓ are integers
satisfying N ≥ 1, ℓ ≥ 2. The representation of N in base ℓ is

N = a0 + a1ℓ+ a2ℓ
2 + · · ·+ akℓ

k = (a0a1 . . . ak), (1.1)

where k ∈ N0, each ai ∈ {0, 1, . . . , ℓ−1}, and ak ̸= 0. We define for j ∈ {0, 1, . . . , ℓ−
1}

AN,ℓ(j) :=

k∑
i=0
ai=j

1, BN,ℓ(j) :=

[k/2]∑
i=0

a2i=j

1, CN,ℓ(j) :=

[(k−1)/2]∑
i=0

a2i+1=j

1, (1.2)

where for a real number x, [x] denotes the largest integer less than or equal to x.
In this notation, when ℓ is clear from the context, we sometimes drop it as the
subscript. We note that BN,ℓ(j) and CN,ℓ(j) are related to AN,ℓ(j) by

AN,ℓ(j) = BN,ℓ(j) + CN,ℓ(j). (1.3)

The number of positive integers n ≤ N having a particular form F (a, b) for some
nonnegative integers a and b is denoted by ctN (F (a, b)), that is,

ctN (F (a, b)) = #{n ∈ N : n ≤ N and n = F (a, b) for some a, b ∈ N0}.

It is a classical theorem of Legendre that only positive integers of the form 22a(8b+7)
(a, b ∈ N0) cannot be represented as a sum of three squares. Thus, the number of
n ∈ N with n ≤ N which are the sum of three squares is

N − ctN (22a(8b+ 7)).
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In 1908 Landau [4] proved that

lim
N→∞

ctN (22a(8b+ 7))

N
=

1

6
.

In 1940, M.C. Chakrabarti [1, eq. (2), p. 2] proved as a consequence of his work on
sums of three squares that

ctN (22a(8b+ 7)) =
1

6
N − 2

3
BN (1)− 1

3
CN (1) + EN (111) +

1

2
a0,

where for u, v, w ∈ {0, 1}

EN (uvw) :=
∑

a2r−2a2r−1a2r=uvw

1 and ON (uvw) :=
∑

a2r−1a2ra2r+1=uvw

1.

As noted by Shiu [5, p. 203], Chakrabarti also proved the inequalities

− log(N)

3 log(2)
− 1

2
< ctN (22a(8b+ 7))− N

6
≤ −1

6
.

Grosswald [3, Ch. 4, Theorem 6] gave the formula

ctN (22a(8b+ 7)) =
1

6
N − 7

8 log(4)
log(N) +

7 log(7)

8 log(4)
− 7

6
+R(N),

where

0 ≤ R(N) ≤ log(N/7)

log(4)
+ 1.

In this paper, we extend these results to three infinite families of forms and two
families of forms related to the result discussed above. Namely, we determine
formulas for ctN (F ) when

F (a, b) ∈ {F1(a, b), F2(a, b), F3(a, b), F4(a, b), F5(a, b)},

where

F1(a, b) := ℓa(ℓb+ r), (1.4)

F2(a, b) := ℓ2a(ℓb+ r), (1.5)

F3(a, b) := ℓ2a+1(ℓb+ r), (1.6)

for r ∈ {1, . . . , ℓ− 1}, and

F4(a, b) := 22a(8b+ r), (1.7)

F5(a, b) := 22a+1(8b+ r), (1.8)

for r ∈ {1, 3, 5, 7}.
With the form as in (1.4) the explicit evaluation of ctN (F1) can be given in terms

of AN (j) (j ∈ {0, 1, . . . , ℓ− 1}). In Section 3, we prove the following result.

Theorem 1.1. For r ∈ {1, 2, . . . , ℓ− 1}, we have

ctN (ℓa(ℓb+ r)) =
N

ℓ− 1
+

ℓ−1∑
j=r

AN (j)−
ℓ−1∑
j=1

j

ℓ− 1
AN (j). (1.9)
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For the forms as in (1.5) and (1.6) the evaluation of ctN (F2) and ctN (F3) requires
the quantities BN (j) and CN (j) (j ∈ {0, 1, . . . , ℓ − 1}). In Section 3, we prove the
following theorem.

Theorem 1.2. For r ∈ {1, 2, . . . , ℓ− 1}, we have

ctN (ℓ2a(ℓb+ r)) =
ℓN

ℓ2 − 1
+

ℓ−1∑
j=r

BN (j)−
ℓ−1∑
j=1

(
jℓ

ℓ2 − 1
BN (j) +

j

ℓ2 − 1
CN (j)

)
,

(1.10)

and

ctN (ℓ2a+1(ℓb+ r)) =
N

ℓ2 − 1
+

ℓ−1∑
j=r

CN (j)−
ℓ−1∑
j=1

(
j

ℓ2 − 1
BN (j) +

jℓ

ℓ2 − 1
CN (j)

)
.

(1.11)

For the forms as in (1.7) and (1.8) we require the quantities EN (uvw) and
ON (uvw) in order to determine ctN (F4) and ctN (F5). We clarify that when count-
ing the quantities EN (uvw) and ON (uvw), we consider ak+1 = 0 and ak+2 = 0 in
the sequence corresponding to N ’s representation in base 2. For example, for

N = 5 = 1 + 0 · 21 + 1 · 22 = (101) = 1 + 0 · 21 + 1 · 22 + 0 · 23 + 0 · 24 = (10100),

we have E5(100) = 1.

Theorem 1.3. For r ∈ {1, 3, 5, 7}, we have

ctN (22a(8b+ r)) =
1

6
N +

a1
6
EN (100) +

a2
3
EN (010) +

a3
2
EN (001) +

a4
2
EN (110)

+
a5
3
EN (101) +

a6
6
EN (011),

and

ctN (22a+1(8b+ r)) =
1

12
N +

a1

6
ON (100) +

a2

3
ON (010) +

a3

2
ON (001) +

a4

2
ON (110)

+
a5

3
ON (101) +

a6

6
ON (011)−

1− (−1)N

24
,

where the values of a1, a2, a3, a4, a5, and a6 for each r ∈ {1, 3, 5, 7} are given in
Table 1.

r a1 a2 a3 a4 a5 a6
1 5 2 1 1 1 1

3 −1 −1 1 1 1 1

5 −1 −1 −1 −1 1 1

7 −1 −1 −1 −1 −2 −5

Table 1. Values of a1, a2, a3, a4, a5, a6 for each r.

Theorem 1.3 is proved in Section 4. Equating the formula for ctN (22a(8b + 7))
in Theorem 1.3 to Chakrabarti’s formula, we obtain, through the easily proved
identities

BN (1) = EN (100) + EN (101) + EN (110) + EN (111)
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and

CN (1) = EN (010) + EN (011) + EN (110) + EN (111),

the following somewhat surprising result.

Corollary 1.1. If N = a0 + a12 + · · ·+ ak2
k then

a0 = EN (100)− EN (001) + EN (110)− EN (011).

Next, we discuss the asymptotic behavior of ctN (F ). We have N ≥ ℓk so
logℓ(N) ≥ k and thus

0 ≤ AN,ℓ(j) ≤ k + 1 ≤ logℓ(ℓN).

Similarly we have

0 ≤ BN,ℓ(j), CN,ℓ(j) ≤ logℓ(ℓ
2N)/2,

and

0 ≤ EN (uvw),ON (uvw) ≤ log2(4N)/2.

As logℓ(N) is much smaller thanN for largeN , our formulas are useful in estimating
the size of ctN (F ).

Corollary 1.2. We have

−
r(r − 1)

2(ℓ − 1)
logℓ(ℓN) ≤ ctN (ℓ

a
(ℓb + r)) −

N

ℓ − 1
≤

(ℓ − r − 1)(ℓ − r)

2(ℓ − 1)
logℓ(ℓN),

−
ℓ(r2 − r + ℓ − 1)

4(ℓ2 − 1)
logℓ

(
ℓ
2
N
)

≤ ctN (ℓ
2a

(ℓb + r)) −
ℓN

ℓ2 − 1
≤ (ℓ − r)

(
ℓ2 − ℓ(r − 1) − 2

4(ℓ2 − 1)

)
logℓ(ℓ

2
N),

−
ℓ(r2 − r + ℓ − 1)

4(ℓ2 − 1)
logℓ

(
ℓ
2
N
)

≤ ctN (ℓ
2a+1

(ℓb + r)) −
N

ℓ2 − 1
≤ (ℓ − r)

(
ℓ2 − ℓ(r − 1) − 2

4(ℓ2 − 1)

)
logℓ(ℓ

2
N),

0 ≤ ctN (2
2a

(8b + 1)) −
N

6
≤

3

2
log2(4N),

−
1

4
log2(4N) ≤ ctN (2

2a
(8b + 3)) −

N

6
≤

3

4
log2(4N),

−
3

4
log2(4N) ≤ ctN (2

2a
(8b + 5)) −

N

6
≤

1

4
log2(4N),

−
3

2
log2(4N) ≤ ctN (2

2a
(8b + 7)) −

N

6
≤ 0,

−
1

12
≤ ctN (2

2a+1
(8b + 1)) −

N

12
≤

3

2
log2(4N),

−
1

4
log2(4N) −

1

12
≤ ctN (2

2a+1
(8b + 3)) −

N

12
≤

3

4
log2(4N),

−
3

4
log2(4N) −

1

12
≤ ctN (2

2a+1
(8b + 5)) −

N

12
≤

1

4
log2(4N),

−
3

2
log2(4N) −

1

12
≤ ctN (2

2a+1
(8b + 7)) −

N

12
≤ 0.

We note that the size of the error in both Grosswald’s estimate and our estimate
for ctN (22a(8b+ 7))−N/6 is the same, namely O(log(N)).

As limN→∞ logℓ(N)/N = 0, Corollary 1.2 gives the following result.

Corollary 1.3. For r ∈ {1, 2, . . . , ℓ− 1} we have

lim
N→∞

ctN (ℓa(ℓb+ r))

N
=

1

ℓ− 1
,

lim
N→∞

ctN (ℓ2a(ℓb+ r))

N
=

ℓ

ℓ2 − 1
,
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and

lim
N→∞

ctN (ℓ2a+1(ℓb+ r))

N
=

1

ℓ2 − 1
.

For r ∈ {1, 3, 5, 7} we have

lim
N→∞

ctN (22a(8b+ r))

N
=

1

6
,

and

lim
N→∞

ctN (22a+1(8b+ r))

N
=

1

12
.

2. Applications of Theorems 1.2 and 1.3 to Counting the Number of
Positive Integers n ≤ N which are Represented by some Ternary
Quadratic Forms

In this section, we apply Theorems 1.2 and 1.3 to the problem of counting the
number of positive integers n ≤ N which are represented by certain positive-definite
primitive integral ternary quadratic forms

t(x, y, z) = ax2 + by2 + cz2 + dyz + ezx+ fxy. (2.1)

We denote this count by

ctN (a, b, c, d, e, f) := #{n ≤ N : t(x, y, z) = n for some x, y, z ∈ Z}.

Tables 1 and 2 in [2, Appendix] contain 63 ternary quadratic forms (2.1) to
which Theorems 1.2 and 1.3 can be applied.

Theorem 2.1. (i) For the 11 ternary quadratic forms ax2 + by2 + cz2 + dyz +
ezx+ fxy listed in Table 2, we have

ctN (a, b, c, d, e, f) =
5

6
N +

a1
6
EN (100) +

a2
3
EN (010) +

a3
2
EN (001) +

a4
2
EN (110)

+
a5
3
EN (101) +

a6
6
EN (011),

where the values a1, a2, a3, a4, a5, a6 are given in the same table.

a b c d e f a1 a2 a3 a4 a5 a6

1 1 1 0 0 0 1 1 1 1 2 5
1 1 5 0 0 0 1 1 −1 −1 −1 −1
1 2 2 0 0 0 1 1 1 1 2 5
1 2 2 2 0 0 1 1 1 1 −1 −1
1 2 5 2 0 0 1 1 1 1 2 5
1 2 6 0 0 0 1 1 1 1 −1 −1
1 2 6 2 0 0 1 1 1 1 −1 −1
2 2 3 2 2 2 −5 −2 −1 −1 −1 −1
2 3 3 0 0 2 −5 −2 −1 −1 −1 −1
2 3 5 2 0 0 −5 −2 −1 −1 −1 −1
2 3 5 2 0 2 −5 −2 −1 −1 −1 −1

Table 2. Values of a, b, c, d, e, f and a1, a2, a3, a4, a5, a6.
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(ii) For the 12 ternary quadratic forms ax2 + by2 + cz2 + dyz + ezx + fxy listed
in Table 3, we have

ctN (a, b, c, d, e, f) =
11

12
N +

b1
6
ON (100) +

b2
3
ON (010) +

b3
2
ON (001) +

b4
2
ON (110)

+
b5
3
ON (101) +

b6
6
ON (011) +

1− (−1)N

24
,

where the values b1, b2, b3, b4, b5, b6 are given in the same table.

a b c d e f b1 b2 b3 b4 b5 b6
1 1 1 1 1 1 1 1 1 1 2 5
1 1 2 0 0 0 1 1 1 1 2 5
1 1 2 0 0 1 1 1 1 1 −1 −1
1 1 3 1 1 0 1 1 −1 −1 −1 −1
1 1 5 1 1 1 −5 −2 −1 −1 −1 −1
1 2 3 0 0 0 1 1 1 1 −1 −1
1 2 3 0 1 0 1 1 1 1 −1 −1
1 2 3 2 1 0 1 1 1 1 2 5
1 2 4 0 0 0 1 1 1 1 2 5
1 3 3 1 1 1 −5 −2 −1 −1 −1 −1
1 3 5 2 0 0 −5 −2 −1 −1 −1 −1
1 3 5 3 1 1 −5 −2 −1 −1 −1 −1

Table 3. Values of a, b, c, d, e, f and b1, b2, b3, b4, b5, b6.

(iii) For the 20 ternary quadratic forms ax2 + by2 + cz2 + dyz + ezx + fxy listed
in Table 4, we have

ctN (a, b, c, d, e, f) =
(ℓ+ 2)N

2(ℓ+ 1)
+

ℓ−1∑
j=1

j (ℓBN (j) + CN (j))

2(ℓ+ 1)
−

ℓ−1∑
r=1

ℓ−1∑
j=r

α(r)BN (j)

where the values a, b, c, d, e, f and ℓ, α(r) are given in the same table and χ(r)

denotes the Legendre symbol
(r
ℓ

)
.

a b c d e f ℓ α(r) a b c d e f ℓ α(r)

2 2 2 −1 1 1 5 (1 + χ(r))/2 1 1 3 0 0 1 3 (1− χ(r))/2

2 2 2 1 2 2 3 (1 + χ(r))/2 1 2 7 0 0 1 7 (1− χ(r))/2

2 2 3 0 0 1 3 (1 + χ(r))/2 1 3 3 0 0 0 3 (1− χ(r))/2

2 2 5 1 1 1 3 (1 + χ(r))/2 1 3 4 3 1 0 3 (1− χ(r))/2

2 2 7 −1 1 1 5 (1 + χ(r))/2 1 3 6 3 0 0 3 (1− χ(r))/2

2 3 3 0 0 0 3 (1 + χ(r))/2 1 3 11 0 0 1 11 (1− χ(r))/2

2 3 5 0 0 2 5 (1 + χ(r))/2 1 4 4 3 1 1 5 (1− χ(r))/2

2 3 5 3 1 0 3 (1 + χ(r))/2 1 4 5 0 0 1 5 (1− χ(r))/2

2 5 5 −3 1 1 13 (1 + χ(r))/2 1 5 10 0 0 0 5 (1− χ(r))/2

3 3 5 −2 2 1 7 (1 + χ(r))/2

3 5 6 1 2 3 17 (1 + χ(r))/2

Table 4. Values of a, b, c, d, e, f and ℓ, α(r).

(iv) For the 20 ternary quadratic forms ax2 + by2 + cz2 + dyz + ezx + fxy listed
in Table 5, we have

ctN (a, b, c, d, e, f) =
(2ℓ+ 1)N

2(ℓ+ 1)
+

ℓ−1∑
j=1

j (BN (j) + ℓCN (j))

2(ℓ+ 1)
−

ℓ−1∑
r=1

ℓ−1∑
j=r

α(r)CN (j)
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where the values a, b, c, d, e, f and ℓ, α(r) are given in the same table and χ(r)

denotes the Legendre symbol
(r
ℓ

)
.

a b c d e f ℓ α(r) a b c d e f ℓ α(r)

1 1 2 1 1 0 3 (1 + χ(r))/2 1 1 1 0 0 1 3 (1− χ(r))/2

1 1 2 1 1 1 5 (1 + χ(r))/2 1 1 2 0 1 0 7 (1− χ(r))/2

1 1 4 0 1 0 3 (1 + χ(r))/2 1 1 3 0 0 0 3 (1− χ(r))/2

1 1 6 0 0 0 3 (1 + χ(r))/2 1 1 3 0 1 0 11 (1− χ(r))/2

1 2 2 1 0 1 13 (1 + χ(r))/2 1 2 2 1 0 0 5 (1− χ(r))/2

1 2 3 1 0 1 5 (1 + χ(r))/2 1 2 2 1 1 1 3 (1− χ(r))/2

1 2 3 1 1 0 7 (1 + χ(r))/2 1 2 2 2 1 1 5 (1− χ(r))/2

1 2 3 2 0 0 5 (1 + χ(r))/2 1 2 3 0 0 1 3 (1− χ(r))/2

1 2 3 2 1 1 17 (1 + χ(r))/2 1 2 5 0 0 0 5 (1− χ(r))/2

1 2 4 2 1 1 3 (1 + χ(r))/2

1 2 5 1 1 1 3 (1 + χ(r))/2

Table 5. Values of a, b, c, d, e, f and ℓ, α(r).

Proof. As the proofs are similar for all 63 ternary quadratic forms, we just give
the proof for (a, b, c, d, e, f) = (2, 5, 5,−3, 1, 1). By [2, Table 1, Entry 772], we have

ctN (2, 5, 5,−3, 1, 1) = N −
∑

r∈{1,3,4,9,10,12}

ctN (132a(13b+ r)).

As all the r’s in the summation are quadratic residues modulo 13, we can write this
as

ctN (2, 5, 5,−3, 1, 1) = N −
ℓ−1∑
r=1

1 + χ(r)

2
ctN (132a(13b+ r)).

Then we appeal to Theorem 1.2 to obtain the desired result. □

3. Proofs of Theorems 1.1 and 1.2

In this section, we prove Theorems 1.1 and 1.2 using mathematical induction.
We now explain the general idea of how the proofs work. We denote the formulas
given in Theorems 1.1 and 1.2 by W (N). We wish to prove that W (N) = ctN (F )
for all N ∈ N. The base cases W (1) = ct1(F ) are almost trivial. For the inductive
step, we assume ctN (F ) = W (N) for some N ≥ 1. Then, we observe that

ctN+1(F )− ctN (F ) =

{
0 if N + 1 is not of the form F ,

1 if N + 1 is of the form F ,

and, using properties of AN (j), BN (j) and CN (j), we show that

W (N + 1)−W (N) =

{
0 if N + 1 is not of the form F ,

1 if N + 1 is of the form F .

By the inductive hypothesis, we deduce that W (N + 1) = ctN+1(F ), completing
the proof.
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Proof of Theorem 1.1. We begin by defining

W (N) :=
N

ℓ− 1
+

ℓ−1∑
j=r

AN (j)− 1

ℓ− 1

ℓ−1∑
j=1

jAN (j), (3.1)

so that

W (N + 1)−W (N) =
1

ℓ− 1
+

ℓ−1∑
j=r

(AN+1(j)−AN (j))−
1

ℓ− 1

ℓ−1∑
j=1

j(AN+1(j)−AN (j)).

By induction on N we prove ctN (F1) = W (N), for all N ∈ N.
For N = 1 we have a0 = 1 and k = 0 so that

AN (j) =

{
1 if j = 1,

0 if j ̸= 1.

Thus

W (1) =

{
1 if r = 1,

0 if r ̸= 1.

Now as

1 = ℓa(ℓb+ r) if and only if a = 0, b = 0, r = 1,

we have

ct1(F1) =

{
1 if r = 1,

0 if r ̸= 1.

Hence

ct1(F1) = W (1),

which completes the proof of the starting point of the induction.
The inductive hypothesis is

ctN (F1) = W (N) for some N ≥ 1.

We wish to prove that ctN+1(F1) = W (N + 1).
We consider four cases:
• Case 1: a0 = 0.
• Case 2: a0 = 1, 2, . . . , ℓ− 2.
• Case 3: a0 = a1 = a2 = · · · = ak = ℓ− 1.
• Case 4: a0 = a1 = a2 = · · · = as = ℓ − 1, as+1 ̸= ℓ − 1 for some s with

0 ≤ s ≤ k − 1.
We prove that ctN+1(F1)− ctN (F1) = W (N + 1)−W (N) in each case.

Case 1: If a0 = 0, then by (1.1) we have

N + 1 = 1 + a1ℓ+ a2ℓ
2 + · · ·+ akℓ

k

so that N+1 ≡ 1 (mod ℓ). Hence if r ̸= 1 then N+1 ̸= ℓa(bℓ+r) for any a, b ∈ N0,
whereas if r = 1 then N + 1 = ℓa(bℓ+ r) with a = 0 and b = N/ℓ, proving that

ctN+1(F1)− ctN (F1) =

{
1 if r = 1,

0 if r ̸= 1.
(3.2)
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Now by definition of AN (j) we see that

AN+1(j) =

{
AN (j) + 1 if j = 1,

AN (j) if j = 2, . . . , ℓ− 1,

so

W (N + 1)−W (N) =

{
1 if r = 1,

0 if r ̸= 1.
(3.3)

Hence, by (3.2) and (3.3) we have

ctN+1(F1)− ctN (F1) = W (N + 1)−W (N).

Case 2: If a0 = 1, 2, . . . , ℓ− 2, then as a0 + 1 < ℓ by (1.1) we have

N + 1 = (a0 + 1) + a1ℓ+ a2ℓ
2 + · · ·+ akℓ

k,

so that N + 1 ≡ a0 + 1 (mod ℓ). In a similar manner to the proof of Case 1, we
obtain

N + 1

{
̸= ℓa(bℓ+ r) if r ̸= a0 + 1,

= ℓa(bℓ+ r) with a = b = 0 if r = a0 + 1,

ctN+1(F1)− ctN (F1) =

{
0 if r ̸= a0 + 1,

1 if r = a0 + 1,
(3.4)

AN+1(j) =


AN (j)− 1 if j = a0,

AN (j) if j ̸= a0, a0 + 1,

AN (j) + 1 if j = a0 + 1,

W (N + 1)−W (N) =

{
0 if r ̸= a0 + 1,

1 if r = a0 + 1.
(3.5)

Hence, by (3.4) and (3.5) we have

ctN+1(F1)− ctN (F1) = W (N + 1)−W (N).

Case 3: If a0 = a1 = a2 = . . . = ak = ℓ− 1, then

N = (ℓ− 1) + (ℓ− 1)ℓ+ (ℓ− 1)ℓ2 + · · ·+ (ℓ− 1)ℓk, N + 1 = ℓk+1.

Similarly to Cases 1 and 2, we see that N +1 = ℓa(bℓ+ r), if and only if a = k+1,
b = 0, and r = 1. Thus

ctN+1(F1)− ctN (F1) =

{
0 if r ̸= 1,

1 if r = 1.
(3.6)

Also

AN (j) =

{
k + 1 if j = ℓ− 1,

0 if j ̸= ℓ− 1,
AN+1(j) =

{
1 if j = 1,

0 if j ̸= 1,
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so for ℓ ̸= 2 (note ℓ− 1 ̸= 1)

AN+1(j)−AN (j) =


1 if j = 1,

−k − 1 if j = ℓ− 1,

0 if j ̸= 1, ℓ− 1,

and for ℓ = 2, j can only be 1, so

AN+1(j)−AN (j) = −k.

Thus, both when ℓ ̸= 2 and ℓ = 2, we have

W (N + 1)−W (N) =

{
1 if r = 1,

0 if r ̸= 1.
(3.7)

Hence, by (3.6) and (3.7) we have

ctN+1(F1)− ctN (F1) = W (N + 1)−W (N).

Case 4: a0 = a1 = a2 = . . . = as = ℓ−1, as+1 ̸= ℓ−1 for some s with 0 ≤ s ≤ k−1.
In this case, we have

N = (ℓ− 1) + (ℓ− 1)ℓ+ (ℓ− 1)ℓ2 + · · ·+ (ℓ− 1)ℓs + as+1ℓ
s+1 + · · ·+ akℓ

k,

and

N + 1 = (as+1 + 1)ℓs+1 + · · ·+ akℓ
k,

where as+1 + 1 < ℓ and ak ̸= 0. We have N + 1 = ℓa(ℓb+ r) for some a, b ∈ N0, if
and only if s+ 1 = a, b = 0, and r = as+1 + 1 so that

ctN+1(F1)− ctN (F1) =

{
1 if r = as+1 + 1,

0 if r ̸= as+1 + 1.
(3.8)

Next we let M := as+2ℓ
s+2 + · · ·+ akℓ

k so that

N = (ℓ− 1) + (ℓ− 1)ℓ+ (ℓ− 1)ℓ2 + · · ·+ (ℓ− 1)ℓs + as+1ℓ
s+1 +M,

and

N + 1 = (as+1 + 1)ℓs+1 +M,

where as+1 < ℓ− 1. Hence we have for j ∈ {1, 2, . . . , ℓ− 1}

AN (j) =


AM (j) + 1 if j = as+1,

AM (j) + s+ 1 if j = ℓ− 1,

AM (j) if j ̸= as+1, ℓ− 1,

so that for as+1 ̸= ℓ− 2 (that is, as+1 + 1 ̸= ℓ− 1)

AN+1(j)−AN (j) =


−1 if j = as+1,

1 if j = as+1 + 1,

−s− 1 if j = ℓ− 1,

0 if j ̸= as+1, as+1 + 1, ℓ− 1,
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whereas if as+1 = ℓ− 2 (so that as+1 + 1 = ℓ− 1) we have

AN+1(j)−AN (j) =


−1 if j = as+1,

−s if j = as+1 + 1, ℓ− 1,

0 if j ̸= as+1, as+1 + 1, ℓ− 1.

Thus, using these in (3.1), for as+1 ̸= ℓ− 2 we have

W (N + 1)−W (N) =

{
1 if r = as+1 + 1,

0 if r ̸= as+1 + 1,
(3.9)

and for as+1 = ℓ− 2 we have

W (N + 1)−W (N) =

{
1 if r = ℓ− 1,

0 if r ̸= ℓ− 1.
(3.10)

Hence, by (3.8), (3.9) and (3.10) we have

ctN+1(F1)− ctN (F1) = W (N + 1)−W (N).

Therefore, in all four cases, we have

ctN+1(F1)− ctN (F1) = W (N + 1)−W (N).

By the inductive hypothesis this means ctN+1(F1) = W (N + 1). Hence, by math-
ematical induction, for all N ≥ 1 we have

ctN (F1) =
N

ℓ− 1
+

ℓ−1∑
j=r

AN (j)− 1

ℓ− 1

ℓ−1∑
j=1

jAN (j),

which is Theorem 1.1. □

Proof of Theorem 1.2. We begin by defining

W (N) :=
ℓ

ℓ2 − 1
N +

ℓ−1∑
j=r

BN (j)−
ℓ−1∑
j=1

(
jℓ

ℓ2 − 1
BN (j) +

j

ℓ2 − 1
CN (j)

)
. (3.11)

We are going to prove that ctN (F2) = W (N) for all N ∈ N by induction on N .
For N = 1 we have a0 = 1 and k = 0, so that by (1.1) and (1.2) we have

B1(j) =

{
1 if j = 1,

0 if j ̸= 1,
C1(j) = 0.

Thus

W (1) =

{
1 if r = 1,

0 if r ̸= 1.

From the definition, we have

ct1(F2) =

{
1 if r = 1,

0 if r ̸= 1,

so ct1(F2) = W (1) proving the base case for the induction. The inductive hypothesis
is

ctN (F2) = W (N) for some N ≥ 1. (3.12)

We wish to prove that ctN+1(F2) = W (N + 1).
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We consider four cases:
• Case 1: a0 = 0. (As ak ̸= 0 we have k ≥ 1.)
• Case 2: a0 = 1, 2, . . . , ℓ− 2. (As a0 ̸= 0 we have ℓ ≥ 3.)
• Case 3: a0 = ℓ− 1, a1 = a2 = . . . = ak = ℓ− 1.
• Case 4: a0 = ℓ− 1, a1 = a2 = . . . = as = ℓ− 1, as+1 ̸= ℓ− 1 for some s with
0 ≤ s ≤ k − 1.

We prove that W (N + 1)−W (N) = ctN+1(F2)− ctN (F2) in each case.
Case 1: a0 = 0.

In this case, we have

N = 0 + a1ℓ+ a2ℓ
2 + · · ·+ akℓ

k, N + 1 = 1 + a1ℓ+ a2ℓ
2 + · · ·+ akℓ

k,

so that N + 1 ≡ 1 (mod ℓ). Now N + 1 = ℓ2a(ℓb + r) for some a, b ∈ N0 implies
that

N + 1 ≡

{
0 (mod ℓ) if a ≥ 1,

r (mod ℓ) if a = 0,

so that

N + 1 ̸= ℓ2a(ℓb+ r) if r ̸= 1,

N + 1 = ℓ2a(ℓb+ r) if r = 1,

proving that

ctN+1(F2)− ctN (F2) =

{
0 if r ̸= 1,

1 if r = 1.
(3.13)

From (1.2) we deduce

BN+1(j) =

{
BN (j) + 1 if j = 1,

BN (j) if j = 2, 3, . . . , ℓ− 1,
(3.14)

and

CN+1(j) = CN (j) if j = 1, 2, 3, . . . , ℓ− 1. (3.15)

By (3.11) we have

W (N + 1)−W (N) =
ℓ

ℓ2 − 1
+

ℓ−1∑
j=r

(BN+1(j)− BN (j))−
ℓ−1∑
j=1

(
jℓ

ℓ2 − 1
(BN+1(j)− BN (j))

)

−
j

ℓ2 − 1
(CN+1(j)− CN (j)).

Appealing to (3.14) and (3.15), we obtain

W (N + 1)−W (N) =

{
0 if r ̸= 1

1 if r = 1.
(3.16)

Hence, by (3.13) and (3.16) we have

ctN+1(F2)− ctN (F2) = W (N + 1)−W (N).

Case 2: a0 = 1, 2, . . . , ℓ− 2.
In this case we have ℓ ≥ 3, a0 + 1 ̸= ℓ and

N = a0 + a1ℓ+ · · ·+ akℓ
k, N + 1 = (a0 + 1) + a1ℓ+ · · ·+ akℓ

k, (3.17)
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so that

N + 1

{
̸= ℓ2a(ℓb+ r) (for all a, b ∈ N0) if r ̸= a0 + 1,

= ℓ2a(ℓb+ r) (for a = b = 0) if r = a0 + 1,

proving that

ctN+1(F2)− ctN (F2) =

{
0 if r ̸= a0 + 1,

1 if r = a0 + 1.
(3.18)

From (3.17) we deduce

BN+1(j) =


BN (j)− 1 if j = a0,

BN (j) + 1 if j = a0 + 1,

BN (j) if j ̸= a0, a0 + 1,

(3.19)

and

CN+1(j) = CN (j) if j = 1, 2, . . . , ℓ− 1. (3.20)

Hence, by (3.11), (3.19) and (3.20), we obtain

W (N + 1)−W (N) =

{
0 if r ̸= a0 + 1

1 if r = a0 + 1.
(3.21)

So, by (3.18) and (3.21) we have

ctN+1(F2)− ctN (F2) = W (N + 1)−W (N).

Case 3: a0 = a1 = · · · = ak = ℓ− 1.
In this case, we have

N = (ℓ− 1) + (ℓ− 1)ℓ+ (ℓ− 1)ℓ2 + · · ·+ (ℓ− 1)ℓk, N + 1 = ℓk+1.

We have

N + 1 = ℓ2a(ℓb+ r) for some a, b ∈ N0

if and only if

k is odd and r = 1.

Thus

ctN+1(F2)− ctN (F2) =

{
1 if k odd, r = 1,

0 if k odd, r ≥ 2, or k even.
(3.22)

From (1.2) we see that for j = 0, 1, 2, . . . , ℓ− 1

BN (j) =


0 if j ̸= ℓ− 1,

k/2 + 1 if j = ℓ− 1, k even,

(k + 1)/2 if j = ℓ− 1, k odd,

CN (j) =


0 if j ̸= ℓ− 1,

k/2 if j = ℓ− 1, k even,

(k + 1)/2 if j = ℓ− 1, k odd,
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and for j = 1, 2, · · · , ℓ− 1

BN+1(j) =

{
1 if j = 1, k odd,

0 if j = 1, k even, or j ̸= 1,

and

CN+1(j) =

{
1 if j = 1, k even,

0 if j = 1, k odd, or j ̸= 1,

The cases ℓ = 2 and ℓ ̸= 2 work differently. In the case ℓ ̸= 2, as ℓ − 1 ̸= 1, for
j = 1, 2, · · · ℓ− 1, we obtain

ℓ−1∑
j=r

(BN+1(j)− BN (j)) =


−(k − 1)/2 if r = 1, k odd,

−(k + 1)/2 if r ≥ 2, k odd,

−k/2− 1 if k even,

(3.23)

ℓ−1∑
j=1

jℓ

ℓ2 − 1
(BN+1(j)− BN (j)) =


ℓ

ℓ2 − 1
− ℓ2 − ℓ

ℓ2 − 1

(
k + 1

2

)
if k odd,

− ℓ2 − ℓ

ℓ2 − 1

(
k

2
+ 1

)
if k even,

(3.24)

ℓ−1∑
j=1

j

ℓ2 − 1
(CN+1(j)− CN (j)) =


−

ℓ− 1

ℓ2 − 1

(
k + 1

2

)
if k odd,

1

ℓ2 − 1
−

ℓ− 1

ℓ2 − 1

(
k

2

)
if k even,

(3.25)

Thus appealing to (3.11), (3.23), (3.24) and (3.25), we deduce

W (N + 1)−W (N) =
ℓ

ℓ2 − 1
+


−(k − 1)/2 if r = 1, k odd,

−(k + 1)/2 if r ≥ 2, k odd,

−k/2− 1 if k even,

−


ℓ

ℓ2 − 1
−

ℓ2 − ℓ

ℓ2 − 1

(
k + 1

2

)
−

ℓ− 1

ℓ2 − 1

(
k + 1

2

)
if k odd,

−
ℓ2 − ℓ

ℓ2 − 1

(
k

2
+ 1

)
+

1

ℓ2 − 1
−

ℓ− 1

ℓ2 − 1

(
k

2

)
if k even,

=

{
1 if k odd, r = 1,

0 if k odd, r ≥ 2 or k even.
(3.26)

We now turn to the case ℓ = 2 in which case ℓ− 1 = 1. We have

BN (j) =

{
(k + 1)/2 if j = 1, k odd,

k/2 + 1 if j = 1, k even,

CN (j) =

{
(k + 1)/2 if j = 1, k odd,

k/2 if j = 1, k even,

BN+1(j) =

{
1 if j = 1, k odd,

0 if j = 1, k even,

and

CN+1(j) =

{
0 if j = 1, k odd,

1 if j = 1, k even.
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Thus for ℓ = 2, as r = 1, we have

ℓ−1∑
j=r

(BN+1(j)− BN (j)) =

{
−(k − 1)/2 if k odd,

−k/2− 1 if k even,
(3.27)

ℓ−1∑
j=1

jℓ

ℓ2 − 1
(BN+1(j)− BN (j)) =


2

3
(−(k − 1)/2) if k odd,

2

3
(−k/2− 1) if k even,

(3.28)

ℓ−1∑
j=1

j

ℓ2 − 1
(CN+1(j)− CN (j)) =


1

3
(−(k + 1)/2) if k odd,

1

3
(−k/2 + 1) if k even.

(3.29)

Thus by (3.11), (3.27), (3.28) and (3.29) we deduce

W (N + 1)−W (N) =


2

3
−
(
k − 1

2

)
+

2

3

(
k − 1

2

)
+

1

3

(
k + 1

2

)
if k odd,

2

3
−
(
k

2
+ 1

)
+

2

3

(
k

2
+ 1

)
+

1

3

(
k

2
− 1

)
if k even,

=

{
1 if k odd,

0 if k even.
(3.30)

Hence, by (3.22), (3.26) and (3.30) we have

ctN+1(F2)− ctN (F2) = W (N + 1)−W (N).

Case 4: If a0 = a1 = · · · = ak = ℓ− 1, as+1 ̸= ℓ− 1 for some s with 0 ≤ s ≤ k− 1,
we have

N = (ℓ− 1) + (ℓ− 1)ℓ+ · · ·+ (ℓ− 1)ℓs + as+1ℓ
s+1 + · · ·+ akℓ

k,

N + 1 = (as+1 + 1)ℓs+1 + · · ·+ akℓ
k,

where as+1 + 1 ̸= ℓ and ak ̸= 0.
We have

N + 1 = ℓ2a(ℓb+ r) for some a, b ∈ N0

if and only if

(as+1 + 1)ℓs+1 + · · ·+ akℓ
k = ℓ2a(ℓb+ r)

if and only if

s+ 1 = 2a, b = 0, r = as+1 + 1

if and only if

s is odd and r = as+1 + 1.

Thus

ctN+1(F2)− ctN (F2) =

{
0 if s odd, r ̸= as+1 + 1, or s even,

1 if s odd, r = as+1 + 1.
(3.31)

We let

M := as+2ℓ
s+2 + · · ·+ akℓ

k,
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N = (ℓ− 1) + (ℓ− 1)ℓ+ · · ·+ (ℓ− 1)ℓs + as+1ℓ
s+1 +M,

N + 1 = (as+1 + 1)ℓs+1 +M,

where as+1 ̸= ℓ− 1. Hence we have for j = 0, 1, 2, . . . , ℓ− 1

BN (j) =



BM (j) if j = as+1, s even,

BM (j) + 1 if j = as+1, s odd,

BM (j) + s/2 + 1 if j = ℓ− 1, s even,

BM (j) + (s+ 1)/2 if j = ℓ− 1, s odd,

BM (j) if j ̸= as+1, j ̸= ℓ− 1,

CN (j) =



CM (j) + 1 if j = as+1, s even,

CM (j) if j = as+1, s odd,

CM (j) + s/2 if j = ℓ− 1, s even,

CM (j) + (s+ 1)/2 if j = ℓ− 1, s odd,

CM (j) if j ̸= as+1, j ̸= ℓ− 1,

for j = 1, 2, . . . , ℓ− 1

BN+1(j) =

{
BM (j) + 1 if j = as+1 + 1, s odd,

BM (j) if j = as+1 + 1, s even, or j ̸= as+1 + 1,

CN+1(j) =

{
CM (j) + 1 if j = as+1 + 1, s even,

CM (j) if j = as+1 + 1, s odd, or j ̸= as+1 + 1.

Thus for as+1 ̸= ℓ− 2 (so that as+1 + 1 ̸= ℓ− 1) and j = 1, 2, . . . , ℓ− 1

BN+1(j)− BN (j) =



−1 if j = as+1, s odd,

1 if j = as+1 + 1, s odd,

−s/2− 1 if j = ℓ− 1, s even,

−(s+ 1)/2 if j = ℓ− 1, s odd,

0 if j = as+1, s even, or j = as+1 + 1, s even,

or j ̸= as+1, as+1 + 1, ℓ− 1,

CN+1(j)− CN (j) =



−1 if j = as+1, s even,

1 if j = as+1 + 1, s even,

−s/2 if j = ℓ− 1, s even,

−(s+ 1)/2 if j = ℓ− 1, s odd,

0 if j = as+1, s odd, or j = as+1 + 1, s odd,

or j ̸= as+1, as+1 + 1, ℓ− 1,
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whereas if as+1 = ℓ− 2 (so that as+1 + 1 = ℓ− 1) and j = 1, 2, . . . , ℓ− 1 we have

BN+1(j)− BN (j) =


−1 if j = ℓ− 2, s odd,

−s/2− 1 if j = ℓ− 1, s even,

−(s− 1)/2 if j = ℓ− 1, s odd,

0 if j = ℓ− 2, s even, or j ̸= ℓ− 1, ℓ− 2,

CN+1(j)− CN (j) =


−1 if j = ℓ− 2, s even,

−s/2 + 1 if j = ℓ− 1, s even,

−(s+ 1)/2 if j = ℓ− 1, s odd,

0 if j = ℓ− 2, s odd, or j ̸= ℓ− 1, ℓ− 2.

Hence we obtain for as+1 ̸= ℓ− 2

X :=

ℓ−1∑
j=r

(BN+1(j)− BN (j)) =


−s/2− 1 if s even,

−s/2− 1/2 if s odd, r ̸= as+1 + 1,

−s/2 + 1/2 if s odd, r = as+1 + 1.

Also

Y :=

ℓ−1∑
j=1

jℓ

ℓ2 − 1
(BN+1(j)− BN (j)) =


− ℓ2 − ℓ

ℓ2 − 1

(s
2
+ 1

)
if s even,

ℓ

ℓ2 − 1
− ℓ2 − ℓ

ℓ2 − 1

(
s+ 1

2

)
if s odd,

and

Z :=

ℓ−1∑
j=1

j

ℓ2 − 1
(CN+1(j)− CN (j)) =


1

ℓ2 − 1
− ℓ− 1

ℓ2 − 1

(s
2

)
if s even,

− ℓ− 1

ℓ2 − 1

(
s+ 1

2

)
if s odd.

Thus

W (N + 1)−W (N) =
ℓ

ℓ2 − 1
+X − Y − Z =

{
0 if s even, or s odd, r ̸= as+1 + 1,

1 if s odd, r = as+1 + 1.
(3.32)

Hence, by (3.31) and (3.32) we have

ctN+1(F2)− ctN (F2) = W (N + 1)−W (N).

Therefore, in each case, we have

ctN+1(F2)− ctN (F2) = W (N + 1)−W (N).

By the inductive hypothesis (3.12) this means ctN+1(F2) = W (N + 1). This com-
pletes the proof of the formula (1.10).

Next, we prove the formula (1.11) for the form F3. As ctN (F2) + ctN (F3) =
ctN (F1), we have

ctN (F3) = ctN (F1)− ctN (F2). (3.33)

Then the formula (1.11) follows by using (1.9) and (1.10) in (3.33) and simplifying
using (1.3).

This completes the proof of Theorem 1.2. □
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4. Proof of Theorem 1.3

In this section, we prove Theorem 1.3. For i ∈ {1, 3} we have

ctN (22a(8b+ i)) + ctN (22a(8b+ 4 + i)) = ctN (4a(4b+ i)),

whose formula is a special case of Theorem 1.1. Next, we give the formula for

ctN (22a(8b+ i))− ctN (22a(8b+ 4 + i)).

Lemma 4.1. We have

ctN (22a(8b+ 1))− ctN (22a(8b+ 5)) = EN (100) + EN (010) + EN (110) + EN (001),
(4.1)

ctN (22a(8b+ 3))− ctN (22a(8b+ 7)) = EN (110) + EN (001) + EN (101) + EN (011).
(4.2)

Proof. If n = 22a(8b+1) for some a and b, we call n∗ = 22a(8b+5), its companion.
Let the expansion of N be given by

N =

k∑
j=0

aj2
j = (a0 . . . ak00).

In the base 2 expansion of N , if one of the following patterns occurs

(a2ia2i+1a2i+2) = (100), (010), (110) or (001), (4.3)

then there exists some n ≤ N with the base 2 expansion

n = 1 · 22i + 0 · 22i+1 + 0 · 22i+2 +

k∑
j=2i+3

aj2
j .

This means n is of the form 22i(8b+ 1). However, its companion

n∗ = 22i(8b+ 5) = 1 · 22i + 0 · 22i+1 + 1 · 22i+2 +
k∑

j=2i+3

aj2
j

is greater than N . For all other n ≤ N , of the form 22a(8b + 1), its companion
n∗ = 22a(8b+ 5) is less than or equal to N , that is, in these cases there is a one to
one correspondence between n ≤ N and n∗ ≤ N . Therefore, the difference between
ctN (22a(8b + 1)) and ctN (22a(8b + 5)) can be counted by the occurrence of the
patterns given in (4.3). This proves (4.1).

The proof of (4.2) is similar by observing that the differences can be counted by
the occurrence of one of the patterns

(a2ia2i+1a2i+2) = (110), (001), (101) or (011).

□

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. First we prove the formulas concerning ctN (22a(8b + r)).
Occurrence of 1 in the base 4 expansion of a number means that in base two
expansion there is a pattern (a2ra2r+1) = (10). This means we have

AN,4(1) = EN (100) + EN (101). (4.4)
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Similarly, we have

AN,4(2) = EN (010) + EN (011). (4.5)

By Theorem 1.1, with ℓ = 4, we have

ctN (4a(4b+ 1)) = ctN (22a(8b+ 1)) + ctN (22a(8b+ 5)) =
N

3
+

2

3
AN,4(1) +

1

3
AN,4(2),

which by (4.4) and (4.5) yields

ctN (22a(8b+ 1)) + ctN (22a(8b+ 5)) =
N

3
+

2

3
(EN (100) + EN (101)) +

1

3
(EN (010) + EN (011)).

By Lemma 4.1 we have

ctN (22a(8b+ 1))− ctN (22a(8b+ 5)) = EN (100) + EN (010) + EN (110) + EN (001).

Adding the two equations above side by side and dividing the resulting equation
by 2, we obtain the desired formula for ctN (22a(8b+ 1)).

The formula for ctN (22a(8b+5)) follows similarly by subtracting the above equa-
tions.

The proofs of the formulas for ctN (22a(8b+3)) and ctN (22a(8b+7)) are similar.
Next we prove the formulas concerning ctN (22a+1(8b+ r)). Let n be of the form

22a+1(8b + 1) and let n∗ = n/2. Clearly, n∗ is of the form 22a(8b + 1). We have
n ≤ N if and only if n∗ ≤ (N − a0)/2. Therefore, to count the number of n ≤ N
of the form 22a+1(8b + 1) we count the number of n∗ ≤ (N − a0)/2 of the form
22a(8b+1). Hence, by using the previously proven formula for ctN (22a(8b+1)) we
have

ctN (22a+1(8b+ 1)) = ct(N−a0)/2(2
2a(8b+ 1))

=
(N − a0)/2

6
+

5

6
E(N−a0)/2(100) +

2

3
E(N−a0)/2(010) +

1

2
E(N−a0)/2(110)

+
1

2
E(N−a0)/2(001) +

1

3
E(N−a0)/2(101) +

1

6
E(N−a0)/2(011).

In base 2 expansion, the digits of N are digits of (N − a0)/2 shifted by 1 place.
Therefore, even indices of (N − a0)/2 are odd indices of N . Hence, we have

ctN (22a+1(8b+ 1)) =
(N − a0)/2

6
+

5

6
ON (100) +

2

3
ON (010) +

1

2
ON (110)

+
1

2
ON (001) +

1

3
ON (101) +

1

6
ON (011).

Finally, the asserted formula for ctN (22a+1(8b+ 1)) follows by observing that

a0 =

{
1 if N is odd,

0 if N is even.

The proofs of formulas for ctN (22a+1(8b+3)), ctN (22a+1(8b+5)), and ctN (22a+1(8b+
7)) are similar. □
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