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Abstract. For ¢ and r fixed positive integers with r < ¢, we determine the
number of positive integers n < N which are of the forms £%(¢b+7), £2¢(¢b+7),
£22+1(gb+r) for some nonnegative integers a and b; and for fixed r € {1,3, 5,7}
we find the number of positive integers n < N of each of the forms 22%(8b +
r), and 22F1(8b + r) for some nonnegative integers a and b. Then we use
our results to count the number of positive integers n < N which can be
represented by certain ternary quadratic forms.

1. Introduction

As is customary, Z, N, and Ny denote the sets of integers, positive integers, and
nonnegative integers, respectively. Throughout this paper N and ¢ are integers
satisfying N > 1, £ > 2. The representation of N in base / is

N=ag+al+al?+- - +aplh = (apay ...ag), (1.1)

where k € Ny, each a; € {0,1,...,¢—1}, and ay, # 0. We define for j € {0,1,...,¢—
1}

k (k/2] [((k—1)/2]
Ave(@) =1, Bye() = > 1, Cne():= Y, 1,  (1.2)
it abi o) ari =

where for a real number z, [z] denotes the largest integer less than or equal to x.
In this notation, when ¢ is clear from the context, we sometimes drop it as the
subscript. We note that By ¢(j) and Cx ¢(j) are related to Ay ¢(j) by

Ane(j) = Bne(d) + Cn,e(G)- (1.3)

The number of positive integers n < N having a particular form F'(a, b) for some
nonnegative integers a and b is denoted by ctx(F(a,b)), that is,

cty(F(a,b)) =#{n e N:n <N and n = F(a,b) for some a,b € Ny}.
It is a classical theorem of Legendre that only positive integers of the form 22%(8b+7)

(a,b € Ny) cannot be represented as a sum of three squares. Thus, the number of
n € N with n < N which are the sum of three squares is

N — ctn(22%(8b + 7).
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In 1908 Landau [4] proved that

. an(228b+7)) 1
M N ~ 6

In 1940, M.C. Chakrabarti [1, eq. (2), p. 2] proved as a consequence of his work on
sums of three squares that

1 2 1 1
cty(22(8b+ 7)) = N - gBN(1) — chu) +En(111) + 570,
where for u, v, w € {0,1}
En(uvw) = Z 1 and On(uvw):= Z 1.
A2r—2Q2r—102, =UVW A2r—1G27Q2r41=UVW
As noted by Shiu [5, p. 203], Chakrabarti also proved the inequalities

log(N) 1 9 N 1
- <N (22(8b 4 T)) - <
Slog(z) 2 ~N@TEATD) - <5

Grosswald [3, Ch. 4, Theorem 6] gave the formula
1 7 Tlog(7) 7

ctn(227(8b + 7)) = V- STog(D) log(N) + Slogd) 6 + R(N),

where

log(N/7)
log(4)

In this paper, we extend these results to three infinite families of forms and two

families of forms related to the result discussed above. Namely, we determine
formulas for ¢ty (F') when

F(avb) € {Fl(a’b)vFZ(a7b)7FB(a7b)aF4(a7b)»F5(a7b)}a

0< R(N) <

+ 1.

where
Fi(a,b) :=£2(¢b+r), (1.4)
Fy(a,b) := £>*(¢b + 1), (1.5)
F3(a,b) := 21 (b + 1), (1.6)
for r € {1,...,£—1}, and
Fy(a,b) := 22%(8b +r), (1.7)
Fs(a,b) := 2%9T1(8b + 1), (1.8)

for r € {1,3,5,7}.

With the form as in (1.4) the explicit evaluation of ¢t (F}) can be given in terms
of An(j) ( € {0,1,...,£—1}). In Section 3, we prove the following result.
Theorem 1.1. Forr € {1,2,...,4 — 1}, we have

{—1

ctn (04 (0b 4 7)) g_ : +ZAN Z J 1AN(j). (1.9)

j=1
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For the forms as in (1.5) and (1.6) the evaluation of ¢ty (F») and ¢ty (F3) requires
the quantities By (j) and Cn(j) (5 € {0,1,...,£ —1}). In Section 3, we prove the
following theorem.

Theorem 1.2. Forr e {1,2,...,£ — 1}, we have

-1 £—1 . .
. (N _ ¢ . .
ety (bt 1) = g + DBy~ D (gj_ CBNG) + 5 1cN<J>) :
Jj=r

j=1
(1.10)
and
N -1 -1 ] ]g
2a+1 _ . . .
() = 7+ T 0nG) - (Fly8v) + 2wt
(1.11)

For the forms as in (1.7) and (1.8) we require the quantities &y (uvw) and
On (uvw) in order to determine cty(Fy) and cty(F5). We clarify that when count-
ing the quantities &y (uvw) and Oy (uvw), we consider ax+1 = 0 and agy2 = 0 in
the sequence corresponding to N’s representation in base 2. For example, for

N=5=14+0-2"4+1-22=(101) =14+0-2" +1-22+0-2° +0-2* = (10100),
we have &5(100) = 1.

Theorem 1.3. Forr € {1,3,5,7}, we have
1

ety (2%%(8b + 1)) 5

N+ %5N(100) n %SN((HO) + %5N(001) + %&V(“O)

+ %&;(101) + %SN(OH),

and

1 P
ety (2 (8b+1) = N + %ON(IOO) + %201\,(010) + ‘12—“01\,(001) + %ON(HO)
1— (=N
24
where the values of a1, as,as,aq,as, and ag for each r € {1,3,5,7} are given in
Table 1.

+ %5(9]\1(101) + %6(91\,(011) -

a1 a2 a3 a4  as  ag

5 2 1 1 1 1
-1 -1 1 1 1 1
-1 -1 -1 -1 1 1
-1 -1 -1 -1 -2 =5
TABLE 1. Values of ay, as, as, a4, as, ag for each r.

S| o wo| =S

Theorem 1.3 is proved in Section 4. Equating the formula for cty(22%(8b + 7))
in Theorem 1.3 to Chakrabarti’s formula, we obtain, through the easily proved
identities

BN(1> = EN(l()O) + 5N(101) + 51\/(110) + 51\/(111)
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and
Cn(1) = En(010) + En(011) + En(110) 4+ En(111),
the following somewhat surprising result.
Corollary 1.1. If N =ag + a12 + - - - + a2" then
ap = En(100) — Ex(001) 4+ En(110) — En(011).
Next, we discuss the asymptotic behavior of cty(F). We have N > ¢* so
log,(N) > k and thus
0 < Ane(j) < k+1<log,(¢N).
Similarly we have
0 < Be(j), Cne(j) < logo(£*N) /2,
and
0 < En(uvw), On (uvw) < log,(4N)/2.

Aslog,(N) is much smaller than N for large N, our formulas are useful in estimating
the size of ctn (F).

Corollary 1.2. We have

r(r—1) <(Z7'r71)(lfr)

N
logg(EN) < ctn (€% (£b + 7)) — ——

T2 -1 —1° 26— 1) log, (£N),

2 _ ., _ 2 _ p(r — —
—Z"Tff)l) togy (2N) < etn (0 7)) = 5 < (€= 7) <%) log, (£ N),
or? —r4+e-1) 5 2041 02 —p(r—1)—2 5

_Wlogg (z N)gctN(z @+r) = 5y <=7 e log, (£2N),

N 3
0 < ety (22(8b+ 1)) — o <5 losa(aN),

1 20 N 3
7210g2(4N)§ctN(2 (8b+3))7E§ Zlog2(4N)7
3 2a N 1
—~ logy (4N) < ety (22°(8+5)) — = < T log(4N),
3 2a N
— > loga(4N) < ety (2 (8b+ 7)) = = <0,

1 I N 3
— = <ctn(222TL(8b 4+ 1)) — — < Zlogy(4N),
= Setn (@ H(Eb 4 1)) - = < Slogy (4N)

w

1 1 2a+1 N
— g log2(4N) — o S ety (2 (8b+3)) = 1o < 7 loga (4N),

-

3 1 2a+1 N
—Z10g2(4N)—B < cty(2 (8b+5))—§ < —logy(4N),

Z o~

3 1 S
—Zlogy(AN) — — < cty (222t (@8b+7) - — <o.
5 loga (4N) — —— < et ( ( N5 <

We note that the size of the error in both Grosswald’s estimate and our estimate
for ctn(22%(8b+ 7)) — N/6 is the same, namely O(log(N)).
As limy_, o log,(N)/N = 0, Corollary 1.2 gives the following result.

Corollary 1.3. Forr € {1,2,...,¢ — 1} we have

. CtN(fa(€b+7')) _ 1
R N -7

oy (b)) L
i N Te-1
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and

.y (Pt +r) 1
M N Te-1

Forr e {1,3,5,7} we have

cty(222(8b+7)) 1

Nlﬂnoo N @
and
. ocan (22T 8 +7) 1
L N ~ 12

2. Applications of Theorems 1.2 and 1.3 to Counting the Number of
Positive Integers n < N which are Represented by some Ternary
Quadratic Forms

In this section, we apply Theorems 1.2 and 1.3 to the problem of counting the
number of positive integers n < N which are represented by certain positive-definite
primitive integral ternary quadratic forms

t(z,y, 2) = ax® + by* + c2® + dyz + ezx + fxy. (2.1)
We denote this count by
cty(a,b,c,de, f) :=#{n < N :t(z,y,z) = n for some x,y,z € Z}.

Tables 1 and 2 in [2, Appendix] contain 63 ternary quadratic forms (2.1) to
which Theorems 1.2 and 1.3 can be applied.

Theorem 2.1. (i) For the 11 ternary quadratic forms ax® + by? + cz? + dyz +
ezx + fxy listed in Table 2, we have

cty(a,b,c,d,e, f) = %N + %é‘N(mo) + %25N(010) + %SN(O(M) + %48]\;(110)

+ %SN(lol) + %SN(OM),

where the values a1, as, as,aq,as,ag are given in the same table.

a b ¢ d e f ay as as ay as ag
1 1 1 0 O 0 1 1 1 1 2 5
1 1 5 0 O 0 1 1 —1 —1 —1 —1
1 2 2 0 O 0 1 1 1 1 2 5
1 2 2 2 0 0 1 1 1 1 -1 -1
1 2 5 2 0 O 1 1 1 1 2 5
1 2 6 0 0 O 1 1 1 1 -1 -1
1 2 6 2 0 O 1 1 1 1 -1 -1
2 2 3 2 2 2| -5 =2 -1 —1 -1 —1
2 3 3 0 O 21 -5 -2 -1 —1 —1 —1
2 3 5 2 0 of-5 -2 -1 -1 -1 —1
2 3 5 2 0 2|-5 -2 -1 -1 -1 -1

TABLE 2. Values of a,b,c,d, e, f and a1, as, a3, aq, as, ag.
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(ii) For the 12 ternary quadratic forms ax® + by? + cz® + dyz + ezx + fxy listed
in Table 3, we have
11 b1 by b3 by
cty(a,b,c,de, f) = EN + g(’)N(IOO) + goN(om) + E(’)N(OOl) + 5(91\[(110)
1-(=n»
24 ’
where the values by, bs, bs, by, bs, bg are given in the same table.

b b
+ goN(lol) + goN(on) +

=
=

b3 by bs be

a b ¢ d e f 1 o

1 1 1 1 1 1] 1 1 1 1 2 5
1 1 2 0 0 0] 1 1 1 1 2 5
T 1 2 0 0 1] 1 1 1 1 —-1 —1
T 1 3 1 1 0] 1 1 -1 -1 —1 —1
T 1 5 1 1 1]-5 -2 -1 —1 —1 —1
1 2 3 0 0 0] 1 1 1 1 —1 —1
1 2 3 0 1 0] 1 1 1 1 —1 —1
1 2 3 2 1 0] 1 1 1 1 2 5
1 2 4 0 0 0] 1 1 1 1 2 5
1 3 3 1 1 1]-5 -2 -1 -1 —1 —1
T 3 5 2 0 0] -5 -2 -1 —1 —1 —1
T 3 5 3 1 1]-5 —2 -1 -1 —1 —1

TABLE 3. Values of a,b,c,d, e, f and by, bs, b3, by, b5, bg.

wi) For the ternary quadratic forms ax® + by + cz® + dyz + ezx + fxy liste
iit) For the 20 drati 2 4 by? 24d listed
i Table 4, we have

€+2 (¢By(j)+C
ctn(a,b,c.dye, f) = ZJ i £+1 M) ST S aBa )

where the values a,b,c,d, e, f and L, a(r) are given in the same table and x(r)
denotes the Legendre symbol (%)

a b ¢ d e f| ¢ a(r) a b ¢ d e f| ¥ ar

2 2 2 -1 1 1|5 |(0+xtr)/2][1 1 3 0 0 1|3 | (1—x(r)/2
2 2 2 1 2 2|3 |(0+x(r)/2][1 2 7 0 0 1] 7] (1—x(r)/2
2 2 3 0 0 1]3 |0+x)2][1T 3 3 0 0 0] 3| d-x(r)/2
2 2 5 1 1 1|3 |0+xtr)/2][1 3 4 3 1 0] 3] (1—x(n)/2
2 2 7 -1 1 1|5 | 0+x)/2]|1 3 6 3 0 0]3 |d—x(r)/2
2 3 3 0 0 0|3 ]| 0+x(r)/2|[1 3 11 0 0 1][11|(1—x(r)/2
2 3 5 0 0 2|5 |(I+x(r)/2][1 4 4 3 1 1|5 | (1—x(r)/2
2 3 5 3 1 0]3 |(0+x(r)/2][1 4 5 0 0 1] 5 | (1—x(r)/2
2 5 5 3 1 1|13 (1+x(r)/2[ 1 5 10 0 0 0]5 | (1—x(r)/2
3 3 5 2 2 1|7 ] 0+x(n)2

3 5 6 1 2 3|17](0+x()/2

TABLE 4. Values of a,b,c¢,d, e, f and £, a(r).

(iv) For the 20 ternary quadratic forms ax® + by? + cz% + dyz + ezx + fxy listed
in Table 5, we have
-1 £—14-1

2£+1N ] BN +€CN
cty(a,b,c,dye, f) = 200+ 1) Jrjzl Z—I—l ZZQ(T’)CN]

r=1j=r
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where the values a,b,c,d, e, f and £, a(r) are given in the same table and x(r)
T
denotes the Legendre symbol <7)

4

a b ¢ d e f| ¢ a(r a b ¢ d e f| ¢ a(r

T 1 2 1 1 0|3 |0+x(r)/2][L 1 1 0 0 1] 3 |0-x(r)/2
T 1 2 1 1 1]5 |0+x)/2][T 1 2 0 1 0] 7 |0A-x(r)/2
I 1 4 01 03 ]|0+xr/2T 1 3 0 0 03 ]0=—x(n)/2
T 1 6 0 0 0]3 |0+x(r)/2][T 1T 3 0 1 0]11|1-x(r)/2
T 2 2 1 0 1|13 0+xtr)/2[1 2 2 1 0 0] 5 |(1-x(r)/2
T 2 3 1 0 1|5 |(A+x(r)/2][L 2 2 1 1 1] 3 |1-x(r)/2
T 2 3 1 1 0|7 |Q+x(r)/2][L 2 2 2 1 1]5 |1-x(r)/2
T 2 3 2 0 0|5 |0+xr)/2][T 2 3 0 0 1] 3 |0A-x(r)/2
T 2 3 2 1 1|17 0+x()/2][T 2 5 0 0 0] 5 |(1-x(r)/2
T 2 4 2 1 1] 3| 0d+x()/2

I 2 5 1 1 1|3 | 0+x(n)/2

TABLE 5. Values of a,b,¢,d, e, f and £, a(r).

Proof. As the proofs are similar for all 63 ternary quadratic forms, we just give
the proof for (a,b,c,d, e, f) = (2,5,5,—3,1,1). By [2, Table 1, Entry 772], we have

ctn(2,5,5,-3,1,1) = N — > ctn (13%4(13b + 7).
r€{1,3,479,10,12}

As all the r’s in the summation are quadratic residues modulo 13, we can write this
as

— 1+ x(r)
ctn(2,5,5,-3,1,1) = N = Y TxctN(l?)Q“(l?)b +7)).
r=1
Then we appeal to Theorem 1.2 to obtain the desired result. ([l

3. Proofs of Theorems 1.1 and 1.2

In this section, we prove Theorems 1.1 and 1.2 using mathematical induction.
We now explain the general idea of how the proofs work. We denote the formulas
given in Theorems 1.1 and 1.2 by W(NN). We wish to prove that W(N) = cty(F)
for all N € N. The base cases W(1) = ct1(F) are almost trivial. For the inductive
step, we assume cty(F) = W(N) for some N > 1. Then, we observe that

0 if N+ 1 is not of the form F,

t F)—ctny(F) =
1 (F) = ctn(F) {1 if N 41 is of the form F,

and, using properties of Ayx(j), By (j) and Cn(j), we show that

0 if N+ 1 is not of the form F,

W(N+1)—-W(N) =
(N+1) (N) {1 if N 41 is of the form F.

By the inductive hypothesis, we deduce that W(N + 1) = cty41(F), completing
the proof.
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Proof of Theorem 1.1. We begin by defining

N

W(N) := 71

-1 £—1
1

+ZAN(j) - HZJANU)’ (3.1)

Jj=r j=1
so that
= =

W(N+1) - W(N) = —1t D (An+1() — AN(G) — 7 > i(An+1(5) — AN ().

j=r

(=12

By induction on N we prove cty(Fy) = W(N), for all N € N.
For N =1 we have ag = 1 and k£ = 0 so that

CCR
Thus

vw={y ol
Now as

1=4*b+r)ifand only ifa =0, b=0, r =1,

we have

cti(Fr) = {(1) i: ; 1’
Hence

Ctl (Fl) = W(1)7
which completes the proof of the starting point of the induction.
The inductive hypothesis is
cty(Fy) = W(N) for some N > 1.

We wish to prove that ctyi1(F1) = W(N + 1).
We consider four cases:

e Case 1: ag =0.

e Case 2: ap=1,2,...,0—2.

e Case3:ap=a1=as=---=a =Ff—1.

e Case 4: ag = a1 = ag = - =as =€ —1, asy1 # ¢ — 1 for some s with
0<s<k-1.

We prove that ctyy1(F1) — cty(F1) = W(N + 1) — W(N) in each case.
Case 1: If ag = 0, then by (1.1) we have

N+l=14al+al?+ -+ aplt
sothat N+1 =1 (mod ¢). Hence if 7 # 1 then N+1 # ¢%(bl+r) for any a,b € Ny,
whereas if r =1 then N 4+ 1 = £*(bf + r) with a = 0 and b = N/¢, proving that
1 ifr=1,

0 ifr#1. (32)

CtN_:,_l(Fl) — CtN(Fl) = {
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Now by definition of Ay (j) we see that

. Ax()+1 ifj=1,
A -
v10) {AN(j) =201,
SO
1 ifr=1,

0 ifr#l. (3:3)

W(N +1)— W(N) = {

Hence, by (3.2) and (3.3) we have
ctni1(F1) —ctn(F1) = W(N + 1) — W(N).
Case 2: If ag =1,2,...,¢ — 2, then as ag + 1 < £ by (1.1) we have
N+1=(ag+1)+arl+axl*+ -+ apt”,

so that N +1 = ap + 1 (mod ¢). In a similar manner to the proof of Case 1, we
obtain

Nl #0(bl+71) ifr#ap+1,
=0Ml+r) witha=b=0ifr=ag+1,

0 ifr#ap+1,
t Fy) —cty(Fy) = 3.4
ctn1(F1) — ety (F) {1 e ag 1, (3.4)
An(j) =1 if j = ao,
An+1(j) = { An()) if j # ag, a0 + 1,
An()+1 ifj=ap+1,
0 ifr#ag+1,
W(N+1)—-W(N) = 3.5
(N+1) = W(N) {1 if r = ag + 1. (3:5)

Hence, by (3.4) and (3.5) we have
ctny1(Fr) —ctn(Fy) = W(N +1) — W(N).
Case 3: Ifag=a1 =ax=...=ap = ¢ — 1, then
N=({L-1D)+l-1)+ -1+ -+ (L—1)F N+1=/r1

Similarly to Cases 1 and 2, we see that N +1 = ¢%(bl +r), if and only if a = k41,
b=0, and r = 1. Thus

0 ifr#1,
ety (Fr) —ctn(Fr) = . # (3.6)
1 ifr=1.
Also
. E+1 ifj=¢—1, _ 1 ifj=1,
A - A =
~ () {0 i 0—1, N+1(7) {0 if £ 1,
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so for £ #2 (note £ —1#1)

1 if =1,
An41(j) —An() = -k -1 ifj=0-1,
0 i 41,0-1,

and for £ = 2, j can only be 1, so

An1(j) — An(j) = —k.
Thus, both when ¢ # 2 and ¢ = 2, we have

WN +1) — W(N) = {(1) i:z (3.7)
Hence, by (3.6) and (3.7) we have
ctny1(Fr) — ety (F1) = W(N + 1) = W(N).

Cased: ap=a1 =as =...=as ={0—1,as41 # ¢—1 for some s with0 < s < k—1.
In this case, we have

N=({l-1)+ =10+l -1+ + (= 1)l +ae 15T+ + aplF,
and
N 41 = (a1 + 10T 4o apl?,
where as41 +1 < £ and a # 0. We have N + 1 = £%(£b + r) for some a,b € Ny, if
and only if s+1=a, b=0, and r = as4+1 + 1 so that
1 ifr=as41+1,

. (3.8)
0 ifr#asp1+1.

CtN+1(F1) — CtN(F1> = {

Next we let M := a, 205+2 + -+ + apl* so that
N=U-1)4+L=1Dl+ =124+ (L= 1) +as L5+ M,
and
N +1=(as41 + )5 + M,
where as11 < £ — 1. Hence we have for j € {1,2,...,£—1}
Ap () + 11§ = agsqq,
An() = Q Am(j) +s+1ifj=0-1,
AM(]) lfj 7& as-‘rlagi 17
so that for asy1 # ¢ — 2 (that is, ag41 +1# £ —1)
-1 if j = asy1,
1 if § = agsq + 1,
—s—1 ifj=0-1,
0 ifj#a,s+1,as+1—|—1,€—1,

An10) — An(j) =
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whereas if as11 = ¢ — 2 (so that asy1 +1=4£— 1) we have
-1 ifj=ast1,
Avi(j) —An() = —s ifj=as1+1,0-1,
0 ifj # dsrtsassr +1,6— 1.
Thus, using these in (3.1), for as41 # ¢ — 2 we have

1 ifr=as+1,
W(N +1) - W(N) = = den (3.9)
0 ifr#as41+1,
and for asy1 = ¢ — 2 we have
1 ifr=/¢-1
W(N+1)—-W(N)= ’ 3.10
( ) (N) {0 ifr#££0—1. ( )

Hence, by (3.8), (3.9) and (3.10) we have
ctny1(Fr) — ety (Fy) = W(N + 1) — W(N).
Therefore, in all four cases, we have
ctny1(Fr) —ctn(Fy) =W (N +1) — W(N).

By the inductive hypothesis this means ctyy1(F;) = W(N + 1). Hence, by math-
ematical induction, for all N > 1 we have

N {—1 1 £—1
j=r j=1

which is Theorem 1.1. (I
Proof of Theorem 1.2. We begin by defining
, -1 -1 jt j
W(N) := 62_1N+ZBN(J')_Z<£2_18N(j)+£2_1(3N(j)) . (311)
j=r j=1

We are going to prove that cty(Fz) = W(N) for all N € N by induction on N.
For N =1 we have ap =1 and k = 0, so that by (1.1) and (1.2) we have

(1 ifj=1, _
B ={y 4., G-
Thus
1 ifr=1,
wa) = {O if r £ 1.

From the definition, we have
- 1 ifr=1,
““2)_{0 if r £ 1,

so ¢ty (Fz) = W (1) proving the base case for the induction. The inductive hypothesis
is

cty(Fy) = W(N) for some N > 1. (3.12)
We wish to prove that ctyi1(Fz) = W(N + 1).
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We consider four cases:

e Case 1: ag = 0. (As ax # 0 we have k > 1.)

e Case 2: a9 =1,2,...,£—2. (As agp # 0 we have ¢ > 3.)

e Case3:ap=F—1,a1=a2=...=ap ={— 1.

e Case d: ag={0—1,a1 =as=...=as=0—1, asy1 # ¢ — 1 for some s with
0<s<k-1.

We prove that W(N + 1) — W(N) = ctyy1(Fp) — ety (F3) in each case.

Case 1: a9 = 0.

In this case, we have

N=0+al+al*+ - +aplt, N+1=1+al+axl?+---+ apl",

so that N +1 =1 (mod £). Now N + 1 = ¢2%(¢b + r) for some a,b € Ny implies

that

Nl 0 (mod¥¢) ifa>1,
= r (mod?¢) ifa=0,

so that

N +1# 02 +r)ifr #1,
N+1=202%b47)ifr =1,

proving that

0 ifr#£1,

CtN+1(F2) — CtN(FQ) = {1 ifT’ -1

From (1.2) we deduce

B () — By(j)+1 ifj=1,
v(d) = B (5) i£j=2,3,...,0-1,

and

Cn+1(j)=Cn()iftj=1,2,3,...,0—1.
By (3.11) we have

Y, -1
W(N 41) — W(N) =
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j=1
- pji_l(cz\fﬂ(j) —Cn ()
Appealing to (3.14) and (3.15), we obtain

0 ifr#1
W(N+1)—-W(N) = {1 o1
Hence, by (3.13) and (3.16) we have

CtN+1(F2) — CtN(FQ) = W(N + 1) — W(N)

Case 2: a9 =1,2,...,0 —2.

In this case we have ¢ > 3, ag + 1 # ¢ and
N=ay+al+ - +alF, N+1=(ag+1)+arl+--+apl",

(3.13)

(3.14)

(3.15)

£—1 .
S X (B~ B - 3 (G B )~ Bn )

(3.16)

(3.17)
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so that
N £ 02(tb+r) (for all a,b € Ng) if r # ag + 1,
=02 +r) (fora=b=0)ifr=ag+1,

proving that

0 ifr#ap+1,
ctni1(F2) — cin(F2) = {1 ifr=ag+1. (3.18)
From (3.17) we deduce
By(j)—1 if j = ay,
Byyi(j) = {By()+1 ifj=ao+1, (3.19)
By (j) if j # ag,a0 + 1,
and
Cni1(j) =Cn(j)ifj=1,2,...,0—1. (3.20)
Hence, by (3.11), (3.19) and (3.20), we obtain
WKN+1)IVMO{O r#ao+l (3.21)
1 ifr=ag+1.
So, by (3.18) and (3.21) we have
ctnt1(Fo) — ctn(Fo) = W(N +1) — W(N).
Case 3: ag=a; = -=ap=4¢—1.
In this case, we have
N={l-1)+l—-1)l+ -1+ -+ (L—1)" N+1=/F1
We have
N +1 = £2*(¢b 4+ r) for some a,b € Ny
if and only if
kis odd and r = 1.
Thus
1 ifkodd, r=1,
ctn+1(F2) —etn(F2) = {O if k odd, r > 2, or k even. (3.22)

From (1.2) we see that for 7 =0,1,2,...,0—1
0 ifj#£0-1,
By(j) =< k/2+1  ifj=1{—1,k even,
(k+1)/2 ifj=¢—1,kodd,

0 ifjA0—1,
Cn(j) = k/2 if j=0—1, k even,
(k+1)/2 if j=¢—1,k odd,
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and for j =1,2,--- , £ —1
5 . 1 if] = 17 k Odd,
N+1(])_{0 if j=1, keven, or j # 1,
and
. ‘ 1 if j=1, k even,
N+1(d) = {0 if j=1, kodd,orj#1,
The cases £ = 2 and £ # 2 work differently. In the case ¢ # 2, as £ — 1 # 1, for
j=1,2,---£ —1, we obtain
= —(k=1)/2 ifr=1,kodd,
S Bua()— Bu() = | —(b+1)/2 ifr=2kodd,  (323)
e —k/2-1 if k even,

14 -0 + .
-1 jt . 62—16—1< 5 > if k£ odd,
Z 1 Byl =BG =1 ., . (3.24)
=1 o1 (2 + 1) if k even,
ol (—’Hl) if k odd
-1 21 2 if k£ odd,
> 62 7 Cn1() —Cn()) = 1 1 Ik (3.25)
j=1 71 E 1 (§> if k even,

Thus appealing to (3.11), (3.23), (3.24) and (3.25), we deduce
{—(k —1)/2 ifr=1, k odd,

W(N+1) - W(N) = —(k+1)/2 ifr>2 kodd,

—k/2—1 if k even,

2 1 -1 1
C -t (k41N k+ if k odd,
2—-1 2-1\ 2 2-1\ 2
02—t [k 1 -1 [k )
_62—1(§+1>+£2—1_£2—1(5) if k even,

{1 if Kk odd, r =1,

02 -1

0 if kodd, r>2or k even. (3.26)

‘We now turn to the case £ = 2 in which case £ — 1 = 1. We have

. (k+1)/2 ifj=1,k odd,
N () = k/2+1  ifj=1,k even,

(e+1)/2 ifj=1,k odd,
Cn(j) = e
k/2 if j =1, k even,

_ 1 ifj=1, & odd,
() = {0 if j =1, k even,

and
(0 ifj=1, kodd,
(7) = {1 if j =1, k even.
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Thus for £ = 2, as r = 1, we have
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! 3 3 —(k—1)/2 ifk odd, 597
er< w+1(5) = B () -k/2 -1 if k even, (3:27)
2 .
-1 ]E g(—(k_].)/2) lfkodd,
Z 7 (Brs1i) = B (i) = { 5 (3.28)
5( k/2-1) if k even,
1 .
. §( (k+1)/2) if k odd,
Z 7 Cvnld) — () =4 (3.29)
g( k/2+1) if k& even.
Thus by (3.11), (3.27), (3.28) and (3.29) we deduce
2 —1 2 —1 1 1
)R 3(3) eom
3 2 3 2 3 2
W(N+1)-W(N) = 5 k 5 [k L7k
3_(2+1)+3<2+1)+3<2—1) 1fkeven,
1 if k odd,
{0 if k& even. (3.30)
Hence, by (3.22), (3.26) and (3.30) we have
CtNJrl(Fz) — CtN(FQ) = W(N + 1) — W(N)
Case 4: Ifag=a;=--=ap=/0—1, asy1 #{—1 for some s with 0 < s < k—1,
we have
N={L-1)4+l =1+ 4 =1 a5 4+ + apl”,
N +1=(as1 + 1)+ 4 aplh,
where asy1 + 1 # £ and ay # 0.
We have
N +1 =% (¢b+r) for some a,b € Ny
if and only if
(asp1+ )T 4o paplh = 029(0b 4 1)
if and only if
s+1=2a, b=0, r=asy1 +1
if and only if
sisodd and r = asyq + 1.
Thus
. = 0 ifsodd, r+#asy;+ 1, or s even,
CtN+1( 2) - CtN( 2) - {1 if s Odd, "= g1 + 1. (331)
We let

M = as+2€S+2 + -4 ak£k7
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N=U=1D+ =1+ 4 (=1 +ag £+ M,
N +1=(as41 + )T + M,

where asyq # ¢ — 1. Hence we have for j =0,1,2,...,4—1

B (4) if j = asq1, s even,
Bu(j) +1 if j = agy1, s odd,
By(j) =< Bu(j) +s/2+1  if j={—1, s even,
Byu(j)+(s+1)/2 ifj=¢-1,so0dd,

()

B (y ifj#ast1, j#L—1,
Cu(j) +1 if j =as41, s even,
Cm(j) if j = as41, s odd,
Cn(j) = Cm(j) +5/2 if j=¢—1, s even,
Cu(j)+(s+1)/2 ifj=¢—1, s odd,
Cu () if j #asy1,j#0—1,

, Bu(j) +1  if j=as41 +1, s odd,
Bn11(j) = . e .
B (j) if j =as11+1, seven, or j # asi1 + 1,
) Cvu(j)+1 ifj=asp1+1, seven,
Cn4+1(j) = . e .
Cum(4) if j=as11+1,s0dd, or j #asy1 + 1.
Thus for asy1 € —2 (sothat ag11 +1#/¢—1)and j =1,2,...,0—1
-1 if j = asq1, s odd,
1 if j =asy1 +1, s odd,

—s/2 -1 if j=¢—1, s even,
—(s+1)/2 ifj=4£-1, s o0dd,

0 if j =asy1, seven, or j =asy1 + 1, s even,

Bn11(j) — By (j) =

OI'j 7& As+1,As+1 + 176_ 17

-1 if j = asy1, s even,
1 if j =asy1 + 1, s even,
) ) —s/2 if j=¢—1, s even,
Cnvetl) =CND =0 Jigh1)2 it =01, 5 0dd,
0 if j =asy1, sodd, or j =as41 + 1, s odd,
or j # asy1,as41 + 1,0 =1,
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whereas if as11 = ¢ — 2 (so that agy1 +1=£¢—1) and j=1,2,...,¢ — 1 we have
-1 if j =¢—2, s odd,

—-s/2—-1 if j=¢—1, s even,

—(s—1)/2 ifj=L—1, s odd,

0 ifj=¢—2,seven,or j A4 —1,0—2,

Bn+1(j) = By(j) =

-1 if j=40—2, s even,
—-s/24+1 if j=¢—1, s even,

Cn+1(J) —Cn(j) = —(s+1)/2 ifj=0—1, s odd,

0 ifj=¢—2,so0dd,or j#{—1,0—2.
Hence we obtain for as41 # £ — 2
1 —s/2—1 if s even,
X =) (Bya(j) = By()) ={ —s/2-1/2 ifsodd, r # asp1 +1,
J=r —s/2+1/2 ifsodd, r=as41 + 1.
Also
02— /s .
Y._e—1 it " ) Bu(i)) 7627—1<§+1) if s even,
e R h R e ST AN
2-1 2-1 2 ’
and
1 l—1 /s .
‘ 76—1_762—1(5) if s even,
Zp Cyn) =N =" ;1 /s11
— if s odd.
i)
Thus

W(N +1) — W(N) =

0 if seven, or s odd, r # as+1 + 1,
(3.32)

1 ifsodd, r = asp1 + 1.
Hence, by (3.31) and (3.32) we have
ctn1(Fo) — ctn(Fo) = W(N + 1) — W(N).
Therefore, in each case, we have
ctny1(F2) — ety (F2) = W(N +1) = W(N).

By the inductive hypothesis (3.12) this means ctyy1(F) = W(N + 1). This com-
pletes the proof of the formula (1.10).

Next, we prove the formula (1.11) for the form F3. As cty(Fs) + ctn(F3) =
ctn(Fy), we have

ctn(F3) = ctn(F1) — cty (Fa). (3.33)
Then the formula (1.11) follows by using (1.9) and (1.10) in (3.33) and simplifying

using (1.3).
This completes the proof of Theorem 1.2. O
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4. Proof of Theorem 1.3

In this section, we prove Theorem 1.3. For ¢ € {1,3} we have
ctn (227(8b + 1)) + ct N (22%(8b + 4 + 1)) = ctn (4%(4b + 1)),
whose formula is a special case of Theorem 1.1. Next, we give the formula for
ctn(224(8b + 1)) — ctn (22*(8b + 4 +1)).
Lemma 4.1. We have
ctn(227(8b + 1)) — ctn (224(8b + 5)) = En(100) + En(010) + Ex(110) + Ex(001),
(4.1)
ctn(224(8b + 3)) — ctn(224(8b 4 7)) = En(110) 4 En(001) + En(101) + En(011).
(4.2)

Proof. If n = 22%(8b+ 1) for some a and b, we call n* = 22%(8b+5), its companion.
Let the expansion of N be given by

k
N = Zanj = (CLO . .akOO).
j=0

In the base 2 expansion of N, if one of the following patterns occurs
(agia2i+1a2i+2) = (100), (010), (110) or (001)7 (43)

then there exists some n < N with the base 2 expansion
k
n=1-2240.9%2+1 4 .92+2 Z aj2j.
j=2i+3
This means n is of the form 22¢(8b + 1). However, its companion
k
j=2i+3
is greater than N. For all other n < N, of the form 2%¢(8b + 1), its companion
n* = 22%(8b +5) is less than or equal to N, that is, in these cases there is a one to
one correspondence between n < N and n* < N. Therefore, the difference between
ctn(22%(8b 4 1)) and ctn(22%(8b + 5)) can be counted by the occurrence of the
patterns given in (4.3). This proves (4.1).
The proof of (4.2) is similar by observing that the differences can be counted by
the occurrence of one of the patterns

(agia2i+1a2i+2) = (110), (001), (101) or (011).

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. First we prove the formulas concerning cty(22%(8b + r)).
Occurrence of 1 in the base 4 expansion of a number means that in base two
expansion there is a pattern (az,agr+1) = (10). This means we have

An (1) = Ex(100) + Ex(101). (4.4)
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Similarly, we have
An.4(2) = Ex(010) + En(011). (4.5)
By Theorem 1.1, with £ = 4, we have
ctn(4%(4b + 1)) = ety (22%(8b + 1)) + ctn (227 (8b + 5)) = g + §AN,4(1) + éAN,4(2),
which by (4.4) and (4.5) yields

ctn (22(8b + 1)) + ctn (222(8b 4+ 5)) = — +

wl|z

g(sN(mo) +En(101)) + %(SN(om) +En(011)).
By Lemma 4.1 we have
ctn(224(8b + 1)) — ctn(2%%(8b 4 5)) = En(100) 4 En(010) + En(110) + En(001).

Adding the two equations above side by side and dividing the resulting equation
by 2, we obtain the desired formula for cty(22¢(8b + 1)).

The formula for ¢ty (22?(8b+5)) follows similarly by subtracting the above equa-
tions.

The proofs of the formulas for ctx(22%(8b+3)) and ct x(22¢(8b+ 7)) are similar.

Next we prove the formulas concerning ct (22¢+1(8b+r)). Let n be of the form
22911(8h + 1) and let n* = n/2. Clearly, n* is of the form 22%(8b + 1). We have
n < N if and only if n* < (N — ag)/2. Therefore, to count the number of n < N
of the form 22¢+1(8b + 1) we count the number of n* < (N — ag)/2 of the form
22%(8b+1). Hence, by using the previously proven formula for cty(22*(8b+ 1)) we
have

ctn (229(8b + 1)) = ct(n—ag)/2(22*(8b + 1))
(N —ao)/2

5 2 1
==  * 65<N7a0)/2(100) + 55(1\77%)/2(010) + 55(1\17%)/2(110)

1 1 1
+ 5E(N—ag)/2(001) + gg(N—ag)/2(101) + 65(N—a0)/2(011)'

In base 2 expansion, the digits of N are digits of (N — ag)/2 shifted by 1 place.
Therefore, even indices of (N — ag)/2 are odd indices of N. Hence, we have

(N —ao)/2
6

1 1 1
+ 50]\1(001) + g@N(lol) + 60]\1(011).

2 1
ety (22T (8b+ 1)) = + %ONOOO) + gON(010) + 5ON(110)

Finally, the asserted formula for cty(22¢+1(8b + 1)) follows by observing that
{1 if N is odd,
ag =

0 if N is even.

The proofs of formulas for ct n (22471 (8b+3)), ctn (22¢T1(8b+5)), and ct n (229F1 (8b+
7)) are similar. O
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